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Observable dependent quasiequilibrium in slow dynamics
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We present examples demonstrating that quasiequilibrium fluctuation-dissipation behavior at short time
differences is not a generic feature of systems with slow nonequilibrium dynamics. We analyze in detail the
nonequilibrium fluctuation-dissipation ratd(t,t,) associated with a defect-pair observable in the Glauber-
Ising spin chain. It turns out that+# 1 throughout the short-time regime and in particutét,,,t,)=3/4 for
ty— . The analysis is extended to observables detecting defects at a finite distance from each other, where
similar violations of quasiequilibrium behavior are found. We discuss our results in the context of metastable
states, which suggests that a violation of short-time quasiequilibrium behavior could occur in general glassy
systems for appropriately chosen observables.
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INTRODUCTION Rigorous support is given to the quasiequilibrium sce-
nario in Ref.[5]. There a general class of systems governed

__Itis a common notion that n the nonnghbnu_m dy”a.“?' by dissipative Langevin dynamics is considered. Based on
ics of glassy systems, fluctuations of microscopic quantltle§he entropy production rate in nonequilibrium dynamics, a

are essentially at equilibrium at short times, before the SYSEound is derived for the differential violation(t, t,) of FDT
tem displays aging. The concept of inherent structures or v
JC(t,t,)

metastable statdd], for instance, is closely related to this aC
picture. There, one partitions phase space into basins of at- V(tty) = gt R=[1-X(tt)] at (2)
traction, e.g., corresponding to energy minima. At short v "
times the system is expected to remain trapped in such metdhe bound implies that under rather general assumptfohs
stable states, leading to equilibrium-type fluctuations, but acand for observables only depending orficite number of
tivated interbasin transitions eventually produce a signaturéegrees of freedom one h¥ét,t,) — 0 for anyAt=0 fixed
of the underlying slow nonequilibrium evolution. andt,—o; we call this the “short-time regime” from now
A now standard procedure for characterizing how far aon. Via Eq.(2) it is concluded thak(t,t,) — 1 in the short-
system is from equilibrium is provided by the nonequilib- time regime. Clearly, however, the last step in this reasoning
rium violation of the fluctuation-dissipation theorgfDT) is only justified if Iin}W_m(a/atW)C(t,tW) at fixed At is non-
[2—-4]. Starting from a nonequilibrium initial state prepared atvanishing. This will be the case if, for example(t,t,) ad-

time t=0 one considers, fa=t,=0, mits a decomposition into stationary and aging paéisat
larget,,
J
R(t,t,) = X(t,tw)xC(t.tW), (1) C(t,ty) = Clt = t,,) + Caglt,ty). (3)
W

On the other hand, ifC(t,,t,)—0 for t,—o then also
where C(t,t,) =(A(t)B(t,)) —(A())(B(t,)) is the connected |y (g/4t,)C(t,t,) will normally vanish. For such ob-
two-time correlation function betyveen some observables gervables X(t,t,) cana priori take arbitrary values in the
B andR(t, t,) =T XA(1))/ oh(ty)|n=o is the conjugate response gport time regime without violating the bound Wit t,)) de-
function; the perturbation associated with the fiblds 5+ rived in Ref.[5].
=-h(t)B. Note that we have absorbed the temperaluneto In Eq. (3), the stationary contribution can be defined for-
our definition of the response function. Thus, for equilibriumy gy asCg(At)=lim; _.. C(At+t,,t,). If Cs(At) has a non-
dynamics, FDT implies that the fluctuation-dissipation ratio,qq |imit for At—, the this is conventionally included in
(FDR) X(t,t,) defined by Eq.(1) always equals 1. Corre- C,q instead. One then finds that the remaindey,, is an
spondingly, a parametric flucttuat|on-d|55|pat((FrD) plot of  aging” function: for large times it typically depends only on
the susceptibility x(t,t,)=J; d7R(t,7) versus C(t.t)  the ratiot/t,. Correlation functions of the forrt8) are often
—-C(t,t,) has slopeX=1. In systems exhibiting slow dynam- found in aging systems, for instance, when considering local
ics and aging, on the other hand, the FDR,t,) is often  spin-observableA=B=g; in critical ferromagnet$7]; here
found to have a non-trivial scaling form in the limit of long C,q also contains an overaf),-dependent amplitude factor.
times[4]. Over short observation intervalst=t-t, and at  Further examples would be spin observableg-spin mod-
large waiting timeg,,, however, one expects to recover equi- els[2] or density fluctuations in MCT8]. In either case the
librium FDT with X(t,t,)=1 according to, e.g., the inherent stationary correlation€(t—t,,) are intrinsically equilibrium
structure picture. Such “quasiequilibrium” behavior at shortrelated(bulk fluctuations, dynamics within metastable states,
times has been observed in essentially all previous studi€gage rattling’) and quasiequilibrium behavior is enforced by
[4] involving microscopicobservables. the bound of Ref[5]. Beyond that, however, there are vari-
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ous examples in the recent literaty@-11] displaying qua- oped for systems with slow dynamics. The dynamical length
siequilibrium behavior even thoudb(t,,,t,) — 0 for t,— oc. scale in a coarsening system—uwhich in our case is just the
In the context of ferromagnets and spin-facilitated modelgypical domain size—allows one to distinguish equilibrated
such correlations are obtained when considering domainmodes from slowly evolving nonequilibrium modes. For
wall or defect observable&=B=n;. A generalization of Eq. spatially localizedobservables one thus naively expects qua-
(3) accounting for the decrease of equal time correlationsiequilibrium dynamics at short times, as soon as the domain
with t,, is size has become much larger than the length scale probed by
the observable. But, as we will see in the following, this is
C(t,ty) = Alty)Cst — ty) + Cagt,ty). (4)  not true in general: there are many local observables that do
) o not obey the equilibrium FDT even in the short-time regime.
In the short-ime contributio@(t, t,) =A(tw)Cs(t—tw) [32],  sych nontrivial violations of quasiequilibrium behavior have
Cstis now defined asg(At)=lim . C(At+t,,t,)/Alty). It o pe distinguished from what is found fgfobal observ-
is useful to fixcs(0)=1, so thatA(t,) must behave asymp- aples such as, for example, the magnetizaf@nthese de-
totically as the equal-time correlatiof(t,,,t,). Results for pend on an extensive number of degrees of freedom, hence
defect observables in one and two-dimensional Ising modelthe bound of Ref[5] does not apply and one would not
[9] are compatible with this scaling. For the one-dimensionakxpect quasiequilibrium behavior at short times. In coarsen-
FA and East models a similar picture emerges and it has bedng systems this is also physically transparent: global observ-
conjectured that aging contributions are in fact absentibles measure the dynamics on lengthscales larger than the
[10,11). We discuss the scaling}) and its implications in  typical domain size, where equilibration has not yet taken
more detail below. It is clear, however, that @(t,t,) place.
~A(ty)cs(t-t,) and also R(t,t,) ~A(t,)rs(t-t,) in the We analyze the nonequilibrium FDT in the Glauber-Ising
short-time regime(where ~ denotes asymptotic similarity chain for observables that probe correlations between do-
for t,,— o) then quasiequilibrium behavior requirgd3] that  main walls (defect$ at distancesi=1. In Sec. | we define
ret—t,) =(d/ dt,)cs(t—t,). The results of Refs[9—-11] in-  our two-time correlation and response functions; their exact
deed support this link. derivation for the casd=1 is sketched in the Appendix. We
Recently, the authors of Ref12] have exploited the no- then recall some useful facts about the domain size distribu-
tion of quasiequilibrium talefinea nominal system tempera- tion, both in and out-of equilibrium. In Secs. Il and Il we
ture Ty, even for models where a thermodynamic bath tem-study adjacent defects, i.el=1. Some features of the equi-
peratureT does not priori exist, e.g., because the dynamics librium dynamics, where FDT is obviously satisfied, are dis-
does not obey detailed balan@,, is determined from the cussed in Sec. Il. The low temperature coarsening dynamics
short-time dynamics of correlations and responses, and there then analyzed in Sec. lll and compared to the baseline
authors of Ref[12] argue that for systems coupled to a heatprovided by the equilibrium results. In particular, we focus
bath this definition should generically reduce Tg,,=T.  on the short-time regime in Secs. Ill A-lll C. The aging be-
They in fact attempt a proof of this statemé§@d], for spin  havior is discussed in Sec. Ill D while Sec. IlIl E deals with
models in the universality class of the two-dimensional Isingthe crossover to equilibrium. Based on the understanding de-
model. veloped ford=1, nonequilibrium FD relations for defects at
The dependence t,t,) on the pair of observablel B distancesd>1 are then studied in Sec. IV. We conclude in
used to probe nonequilibrium FDT, Eq1), in finite-  the final section with a summary and discussion.
dimensional systems is still an actively debated issue
[4,9,13-18. This is of particular relevance as regards the
possibility of characterizing the slow dynamics in glassy sys- In order to obtain nontrivial fluctuation-dissipation behav-
tems by a time-scale dependent effective temperaligse ior in the short-time regime we have to consider nonstandard
=T/X(t,t,) [3]. Beyond mean-field models one does not ex-observables; in the Glauber-Ising chain local spin as well as
pect X(t,t,), or more precisely its long time scaling, to be defect observables satisfy quasiequilibrifién17,1g. How-
completely robust against the choiceAfB. Instead, it has ever, as already mentioned in Rg®], multidefect observ-
been suggested that there may only be a limited class &fbles are potentially interesting candidates for new results.
“neutral” observables which allow a measurement of effec-The simplest choice in this class are the defect-pair observ-
tive temperaturef4,16]. It then seems plausible that also the ablesAg=n;n;,q with d= 1. We introduce the connected two-
notion of quasiequilibrium in the short-time regime may nottime autocorrelation functions associated withas
hold for all observables. This prompts us to revisit the ob-
servable dependence of short-time fluctuation-dissipation re- Colt tw) = (MONig(ON; (b Niat)) ~ (MiON (1))
lations. XN (tw) Nisa(ty). (5)
To be able to carry out explicit calculations, we study a ) ) )
simple coarsening system, the one-dimensional ferromaglN€ local two-time defect-pair response functions are
netic Ising spin chain with Glauber dynamics. Coarsening i (H)Nig(t))
systems are, of course, different from glasses but they do Ry(t,ty) =T W ,
exhibit aging behavior, easily interpretable because of its link W h=0
to a growing length scale. This makes them useful “laborawhere the perturbatiod =—h(t)n;n;.q is applied. Through-
tory” systems for testing general ideas and concepts devebut the paper we use the short-haitts C; andR=R; for

|. DEFECT PAIR OBSERVABLES

(6)
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the cased=1. Our subsequent analysis @fandR is based  O[(1/t)exp(—ak/\t)]; an expression for the constant is

on exact expressions, see the Appendix. Siges nonzero  given in Ref.[20]. The density of small domains< \t, on
only if we simultaneously have defects at sitendi+d, its  the other hand, is linearly related to the domain size, with
behavior will reflect the domain size distribution in the sys-D,(t)=0(k/t*?). Correspondingly, the scaling fori(x) of
tem, and an understanding of the latter will be useful. the normalized domain size distribution decays exponentially
for large «, but is linear ink for k<1.

The precise scaling of the density of small domakns
=0(1) in nonequilibrium coarsening is easily derived. In-
To summarize briefly, the Glauber-Ising chli] is de-  stead of directly working out thB,, which is cumbersome,

fined on a one-dimensional lattice of |Sing Splﬂ’F +1 consider for a moment the quantity

with Hamiltonian H=-J;0y0,+1, Where each spiw; flips ~

with rate  w(o)=3[1-3yo(0i1 0], here Dy = (Ng(1 = 2ny)- - (1 = 20Ny (10)
=tanH2J/T). In terms of the domain-wall indicators or de- - .

fect variablesn;=%(1-001,)) €{0,1} the density of do- In contrast to theD, any D can be conveniently expanded
mains D, of given sizek is expressed, using translational in terms of two-spin correlations. We have, in fad‘.lk

A. Domain size distribution

invariance, as 4<Ulo'k 000~ 0101+ 0g011). FOr  zero-temperature
coarsening one show&1
Die= (MolL ~ M) ~(1 =iy, @) 9 el
As usual(---) refers to the ensemble average in the case of Dy(t) = (Zt), (12)
equilibrium and otherwise to an average over initial configu- 2t

rations and stochasticity in the dynamics. . .
In equilibrium the derivation oD, for the Glauber-Ising where thely(x) are modified Bessel functiong22]. Now

chain is straightforward: fronfil;n;)=I1y(n;) and translational compare the definitions dd, and Dy in the limit of large

invariance we have times. For b_oth quantities_ we have that only states wjth
=n,=1 contribute. To leading order these states do not con-
Dy eq= (N1 = (np) <. (8)  tain any further defects; in the rangei=1,..., k-1, hence

The distribution of domain sizek is thus exponential in Dk~ Dk~ K/ (8\mt®?) for t—ee. States that do contain fur-
equilibrium, with the most frequent domains those of size 1ther defects in this range, on the other hand, céDgéo
The mean domain size, on the other hand, is given by thdiffer from Dk In an independent interval approximation,
inverse of the concentration of defecfsy). One easily which gives the correct scaling but incorrect prefactors

shows that [20,23, the chances to have an additional defect atisite
D;D,_;=0(t"®). Contributions from states containing more
V1+y 7’— \’1 7 than one defect in this range are even smaller, giving overall
Ceq(Teq) (o) = (9 ~ .
V27, Teq \27 D,=D,+0(t™%. By the same reasoning we also have

For equilibrium quantities we generally use the equilibration<nini+k>=D_k+0(t__3)-_These scalings apply for any fixed
time 7e=1/(1-y)~ 1 1 exp(4J/T) to parametrize tempera- =2 and in the limit of larget. For k=1, finally, we have
ture. At low T the defect concentration scales as, (nin.1)=D;=D; as the definitions coincide in this case.

~ (27, q)‘1’2 Hence the mean domain sizeQxy req) From Note that when comparing only the scale of typical do-
Egs. (8) and (9) the density of small domains with siZze  mains in and out of equilibrium, an out-of-equilibrium sys-
=0(1) is then flat,Dy g~ 1/(27¢(). tem of aget is comparable to an equilibrium system with

We note briefly that ouD, are densities of domains of equmbratlon t|mereq~t Indeed, typical domains have size
given size, rather than a normalized domain size distributionO(\/ Teq) @and densityO(7 ) in equilibrium, while out of equi-
The normalization factor is simply the defect concentrationlibrium the same quantmes scale Illid\t) and O(t™), re-
since, from Eq«(8), ,-,D=(ng). Abbreviatingc=(ny), we  spectively. However, this correspondence does not extend to
can thus writeD, =cP, with =,_;P,=1. For smallc, the nor-  the details of the shape of the domain size distribution. In
malized distributiorP, often assumes a scaling form, wikh  particular, it breaks down for small domaitks=O(1). In
scaled by the mean domain sizec1P,=cP(«x) with k=Kkc, equilibrium such domains have a concentra@in-;é) while
and correspondinglp,=c?P(). From Eq.(8), the equilib- in the corresponding coarsening situation their concentration
rium scaling function is exponentiaP(«)=exp(—«). O(k/t%?) is much smaller.

For the out-of-equilibrium case a derivation &% is It is instructive to note that Glauber dynamics for the spin
rather less trivial, a corresponding calculation for the one-system{o;} corresponds to a diffusion limited reaction pro-
dimensional(1D) Potts model is given in Ref20]. For the  cesg24] for the defectgn;}; the diffusion rate is;. At low T
Ising case and a quench at tirre0 from a random, uncor- adjacent defects annihilate with rate close to 1 while pair
related initial state to zero temperature, the results are ageation, i.e., flipping a spin within a domain, occurs with
follows: the mean domain size grows asl=0O(\t) with  rate 1,(2780) The latter process is important in
typical domains having a concentrati®(c?)=O(t™). For  equilibrium—continuously producing new domains of size
large domain sizesk> Wt D.(t) has an exponential tail 1—but is unimportant at low temperatures while the system
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is coarsening, and indeed strictly absent at zero temperaturdomains to be of siz&®(1) vanishes at low temperatures.
This leads to the different scalings of the density of smallTherefore, and since\t=0(1), the defect pair at sitesg,

domains in and out of equilibrium. i+1 at the later timeAt must in fact be the one that also
occupied these sites at the reference time. Hence we may
II. EQUILIBRIUM interpretp,(At) as the “random walk return probability of an

adjacent defect pair.”

In order to familiarize ourselves with the dynamics of  This scenario is easily verified by direct calculation. Con-
defect pairs we now study the equilibrium behavior of thesider a one-dimensional lattice containing exactly two de-
two-time correlatiorC(t, t,,). An exact expression is obtained fects at sitesk andl with k<I at timet=0. Denote byp(i,j)
from the result for a quench to finite temperature given in thethe probability to find these defects at sifesj at timet.
Appendix by taking the limit,,— o at fixed At=t-t,. We  Since theT=0 dynamics of defects in the Glauber-Ising
use the notatiorceq(At,reo):lith% C(At+t,,t,) for the  chain is diffusion-limited pair annihilatiof24] with diffu-

equilibrium correlation; from Eq(A10) one has sion rate% and annihilation rate one thg(i,j) satisfy[20]
_ J . R . . . .
Ced Al Teg = 5 — HldAU{ o= 111(»AD P ==2pG )+ SIpdi = 1)) +pi+ 1)) + i - 1)
+pi,j+1)]. 17
— > Hl,eq(At)}- (12) pt( J )] ( )
VTeq This system of equations must be solved dvelj subject to

Here we have introduced the short hgnd](x) to indicate  the boundary conditiong(i,i)=0. Using image$20,21] it is
that all functions enclosed in the square brackets have arggtraightforward to show that the solution is

mentx. The functionH is introduced in(A8) and discussed . .

in the Appendix. Because FDT is satisfied in equilibrium the P00 = 2 Gy, kDpo(k1), (18
conjugate response td?2) is Reg(At, 7eq) = ~daCed At Teg)- k!

Consequently the equilibrium susceptibility is given by where

Xe*At’ Teq) = Ceq(o,’i'eq) - Ceq(At, Teq), (13) Gt(l,J ,k,l) = e_Zt[li_klj_| - Ii—llj—k](t) . (19)

and we subsequently focus on the discussio€gf It is clear from this result that the Green’s function
Gi(i,j;k,I) is in fact the conditional probability of finding
the defect-pair at sités< | at timet given that it was initially
located at sitek<<l. Consequentlyp;(t)=Gy(i,i+1;i,i+1)

Let us first consider the dynamics Gf4(At, 1) for finite 55 claimed above. The two-time defect-pair correlation
At=0 and in the limit of low temperatureg> 1. Via the CedAt, 7o), Eq. (15), is thus to leading order given by the
definition (5) of C=C, the equal-time valueCe(0,7eq  probability D; o 7o) Of having a defect pair at sitdsi+1
=(ninix)—(niniz1)? is directly linked to the density of do- times the conditional probabilitp,(At) for this pair also to
mains of size 1D; ef e =(MiNisy). From Eqgs.(8) and (9)  occupy the same sites a tindd later. ForAt>1 an expan-

A. Small At regime

and settingAt=0 in Eq.(12) sion of (16) gives p;(At) ~ 1/(27At?): the return probability

for the defect pair drops quite rapidly as defects are likely to
DiedTeq = 1 1-yV1- 72 _ 1 Hied0).  (14) have disappeared via annihilation in the time intef@glAt]
¥ 2 ’ if At>1.

At low temperature@l,egﬁreq) am_d thusCeq(O,req) scaleg as B. Large times

D1 ed Ted ~ 1/(27¢¢). Now, for finite At>0 and in the limit ) .

of low temperatures,>1 an expansion of Eq12) gives, ~_WhenAt becomes comparable & the simple picture

to leading order, discussed above bregks doyvn; annihilation events with re-
mote defects and pair creation are then relevant. But from

Ceq(At, Teg) = P1(A)Dy of Teg) + O(ng), (15 Eq. (12) results for this regime, which are formally obtained

by taking At, 7,,— with their ratio fixed, are easily de-
rived. In this limit we replace the modified Bessel functions

p.(At) = €212 - 13](AY). (16)  appearing in Eq(12) with their asymptotic expansion&2].
This produces the leading order scalings

where

From Eq.(15) and our knowledge of the equilibrium domain
size distribution we may assign a direct physical meaning to

p.(At): in the limit of low temperatures and at finitkt the Cod Al 7eq) ~ 4 At2 (A= 7, (20
connected and disconnected correlations coincide to leading

order, i.e..Cef At, 7oq) ~ (Ni(ADN;1(A)N;(0)N;11(0)). So only 37 e

situations where sitesandi+1 are occupied by defects at CeAt, 7eg) ~ 16m At“ Tea [At > 7gq]. (21

both times contribute t&., But since the size of typical
domains scales a®(\/ Teq) the probability for neighboring The expansiori20) matches the largat limit of Eq. (15). So
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up to the time scalét=0(7,,) the decay of theconnected 1 o2 o

two-time defect pair correlation is controlled by the defect Reft,tw) = 4 [(5=1D ~11(lo—12)](t—tw)

pair return probability. For timedt beyondO(7,), defect

configurations are reshuffled via pair creation and the con- % [11+215](2t,) (25)

nected correlation vanishes exponentially as one might ex- 2t,, ’

pect. For later reference we note that according to Eds,

(20), and(21) we haveC{At, 7() >0 at all times. 1 12(t+1 1

There is, however, a ;(ubtle g)ffect in the underlying phys- Cagt.tw) == Ze'z(“tw)H + Ee_z(mw)['o‘ [1](t—t,)

. . . o . w

ics. This becomes obvious when considering disconnected {
ll(t + tw)

t+1y,

correlation functions. The disconnected defect pair
correlation in equilibrium is CeDé:(At,reo)
=(ni(At)n;,1(At)n;(0)n;441(0)), and is linked to the connected
one via Cor(At, 7e)) = CegAt, 7o) + D7 o 7og). Now accord- XM} (26)

[lo+11](2ty) = [lo+ 11](t +1,)

q
ing to Eq. (14) we haveD] ,{7e)=0(7,;) while from Eq. 2ty

(20), Cof(At, 7o =O(At ?ry) for At<req Therefore, if At
>\ Teq Ced(At, 7og) is negligible compared tﬁ)fec(req) and Ragt.t ):1 2| = 21, + 1,](t—t,,)
so the disconnected correlatio€g (At,7,) becomes w8 v
At-independent. In other words, because of the rapid decay {[|1+ 2,](t+t,)
of the defect pair return probabilitp;(At) we are more o+ 1,](2t,)
likely to find an independent defect pair at sitest 1, rather by
than the original one, already on a time scale=0(\7y). [I,+21,](2t,)
This is in marked contrast to spin @ingle defect observ- ~llo+laJt+ ) =—~—
ables[21], where this crossover happens on the time scale v
At=0(7gy). . le'2<t+fw>[| -t [1(2t,) 14(t+1,)

Let us finally consider the equilibrium defect pair suscep- 4 o2 1 2t, t+t,
tibility xeAt, 7e¢). According to Eq.(13) it is strictly in- [ = 1,](t+1,)
creasing, implying thatR.(At,7,)>0 at all times, and e e | IS |1](2tw)}, (27)
grows from its initial value of zero ait=0 to the asymptotic t+ty,
value Ce(0,7eq) on anO(1) time scale. Explicitly we have  as we will see in Sec. IIl A below, only the short-time func-
from Eq. (15) the approximationyeqAt, 7eq) ~D1ed7ed[1  tions (24) and (25) contain terms that contribute to leading
-p41(At)] which holds uniformly inAt at low temperatures.  order in the short-time regime.

The results given above are exact. Before proceeding, we
nevertheless compare them with simulation data to exclude
In this section we analyze defect pair correlation and rethe possibility of trivial algebraic errors in the derivation and
sponse functions for zero temperature coarsening dynamig®nfirm some of the more surprising features that are dis-
following a quench from a random, uncorrelated initial state.cussed below. For measuring two-time susceptibilities
For the most part we will focus on the short-time behavior ofxa(t,t,), with A;, B; generic local observables, we use the

these functions. Following our discussion in the introductionstandard method25] of perturbing the system withSH
we decompose the two-time functions into short-time and=-hZ¢B; for t=t,, such thaty g(t,t,) = (T/h)Z[ (A (1)) ],
aging contributions in the limit h—0. Here theg&{-1,1} are independent,
identically distributed random variables ajpd-], denotes an

IIl. NONEQUILIBRIUM

C(t,t,) = Cy(t,t,) + C.(t,t,), 22 . .
(ttw) = Csltitw) + Cagtt) (22 average over their distribution. Note that as our definition of

the response contains a factor Dthis is also the case for
R(t,ty) = Reltty) + Raglt, ). (23) P

xag(t,ty). Transition rates in the presence of the perturbation
The two-time correlation and response functions are obtainedre, to linear order im/T,
from Eq.(A10) and the construction of the response given in

the Appendix. For mathematical simplicity we take the limit W](,]h)(o') =w,(o) + Ewn(a)[l —Wn(o')]z €n-m

T—0 but stress that the results are also valid for nonzero T m

temperature3 >0 while the system is still far from equilib- X [Bor(Fr) = By ()] (28)
n—-m n n—-m -

rium; as discussed in Sec. Il E, this requitgst< 75,. The
response functions are always derived by taking the perturlHere F,o=(...,-o,,...) denotes the spin-flip operator and
ing field h to zerobeforetakingT— 0. This has to be done to w, (o) are standard Glauber rates without perturbation. In the
ensure Iinearity of the response: as djscussgd in more detajtocedure of measurings g(t,t,) the perturbing fielch only
below, the size of the linear regime in the field strength ;o045 in the combinatidr=h/T. There is therefore a well
scales ag for low T. We find . . L .
defined zero-temperature limit at fixdxl the linear suscep-
1_ 1,(2t,) ihility i i i i il
Cultty) = = 2t[|(2)_ If](t—tw) Lo (24) t|b|||ty_|s then obtained by using a sufficiently sméll We
2 2t note finally that local perturbations only produce a few non-
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zero terms in the sum in E@28). The defect pair observ-
ablesA;=B;=n,n;,; we are considering, for instance, only
depend or;, 0i44, i and thus onlyn=0, 1, 2 contribute
to the sum in Eq(28).

We show in Sec. Ill D that with increasirtg, it becomes
harder to see aging contributions in the two-time correlation
and response functions. In order to be able to resolve these
aging contributions in a simulation we have choggnl and
At=0.1,...,30. The data presented in Fig. 1 are for zero-
temperature simulations in a system of Hpins, averaged

over 1@ runs. For measuring the susceptibility we use
=0.2, which is well within the linear regime. Our code uses
an event driven algorithrfi26] although for the small times
considered here a standard Monte Carlo method would be
just as efficient. As a full discussion @t,t,) andR(t,t,)

will be given in the subsequent sections we comment only
briefly on the data in Fig. 1. According to our decomposition
(22) we may think of the connected two-time defect pair
correlation in Fig. 1a) as the sum of short-time and aging
contributions. From Eq(24) short-time contributions are al-
ways positive while the aging contributioi26) are in fact
negative, see Fig.(h). From Fig. 1a) the correlatiorC(t,t,,)

is dominated by short-time contributions up to abaat1.

In the rangeAt=1,...,13 short-time and aging contributions
compete, leading to a fast drop iG(t,t,). At At=13,
C(t,t,) crosses zero, giving the cusp in the plot. R
>13 the two-time correlation is negative, with short-time
and aging contributions almost cancelling each other. The
two-time defect pair susceptibility(t,t,,) shown in Fig. 1c),

may similarly be regarded as containing short-time and aging
contributions according to Eq23). From Fig. 1d) aging
contributions iny(t,t,) are tiny such that a plot of(t,t,)
alone would fit the data shown in Fig(c} rather well. The
small deviations ofy(t,t,) from xs(t,t,), that is y,qt,ty),
however, are precisely as predicted by Exy), see Fig. 1d).
Altogether, the data presented in Fig. 1 are fully consistent
with, and thus confirm, our exact resu(&)—(27). We there-
fore now turn to a discussion d@(t,t,), x(t,t,) based di-
rectly on Eqs.(24)—27).

A. Short-time regime

Here we analyze the dynamics 6ft,t,) andR(t,t,) in
the short-time regime oAt=0 fixed andt,— . For the
correlation we have from an expansion of Eg6) that the
aging contribution scales e@ag(t,tw):O(t;Va) in this limit;

PHYSICAL REVIEW E71, 046113(2005

IClea,)

0.015 ————rrrrrr

already att,,=10 a plot ofC,4 would lie below the vertical
range of Fig. ). The termCg(t,t,), EQ. (24), on the other
hand, is simplyCg(t,t,)=p;(t-t,)D;(t,) as follows from

D,=D, and Egs.(11) and (16). BecauseD;(t,)=0(t;*?),

FIG. 1. Comparison of our exact predictio(2)—(27), shown
as full curves, and simulation dateircles at T=0 andt,=1. Pre-
dictions for the susceptibilities are obtained by numerical integra-
tion of Egs.(25) and(27). The data for aging contributions in panel
(b) and (d) is obtained from the simulation data €ft,t,) and

aging contributions irC(t,t,) are subdominant. In the short- ¢ ) shown in(a), (c) by subtracting off the exact short-time
time regime the connected two-time defect pair correlation igontributions(24) [dashed line in panei)] and the susceptibility

thus to leading order given b@(t,t,) alone,

C(t,t,) = pa(t - t,)D(ty) + O(t). (29

corresponding to Eq25). In panel(b) and (c) error bars for the
simulation data are invisible on the scale of the plot. The same is
true for(a) andAt<10. ForAt>10, on the other hand, the standard
deviation of the data is around 10 which is reflected in the plot.

In panel(d), finally, error barg + standard deviationare shown for

This scaling property is the key that separates short-timevery fifth data point but are no larger than the symbols.
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contributionsCg; from aging term<C_, in Eqs.(22), (24), and — , / _ /

(26). Furtherrr?tareCst ?s gf the fggrm qut(t,tw):A(tW)cst(t RA’B(t’tW)_E 2 Ao [px(o'IFya) = pulo’|o)]
-t,) as proposed in Eq4). Comparison of Eqs(15) and
(29) shows that the nonequilibrium relaxation function X AB(o)w(o)[1 -w(o)]p, (o). (33
Cs(At)=p4(At) coincideswith its low-temperature equilib-
rium counterpart. Only the amplitud® is given by the dy-
namical density of defect paif3,(t,) instead of its equilib-

rium analogD; ¢ 7eg)- . , . e
The result(29) is easily explained by random walk argu- while py(o |,") are cond|t|_ona|_probab|||t|es o go from
: : state o to ¢’ during the time intervalAt. In Eq. (33),
ments, in full analogy to Sec. Il A. Connected and dlscon-A B(o)=B(F,0)~B(e) is just a short hand expressing the
nected correlations coincide ©(D?)=0(t,?). For the dis- - \"/7 1Tk J P 9

. change ofB under a spin flip.
connected correlation to be nonzero we need stateS In the concrete case of defect pair observablesB

containing a defect pair at sited +1 at timet,,. These occur —nn... e haveAB(o)=0 except fork=ii+1j+2. Denote

. . -3 _

with probabllllty Dl(t‘“.’) _and tp ordeiO(t,,’) there are no_fur the corresponding contributions to the response ,r3,
ther defects in any finite neighbourhood. Hence only if theseres ectively. Next work ous,=AB(a)w(o)[1-w(o)]; it
defects also occupy the same sites at tirigethere a contri- P Y- ok K K

bution to the disconnected correlation. This occurs with' cpnvement to use that Glaluber ratesTa for the Ising

probability py(A) =G,,(0,1:0,1 and Eq.(29) follows. chain may be written as=5(N-1+). It turns out that
Now we turn to the behavior of the defect pair response irﬁ*”fl:0 and hence,=0. A:soo,l'rl andrgl,:are relateéj gy reflec-

the short-time regime. Expanding E@®7) shows thatR,, ~ UON Symmetry so we only discusg. Froma; an a.(33),

=0(t,%). But Ry=0(t;*?) from Eq. (25) so R is dominated

K g0

This equation applies for general systems governed by heat-
bath dynamics with Glauber rateg and for generic observ-
ablesA, B. The ptw(") denote state probabilities at tintg

. . . ; 1 , ,

by R, in the short-time regime, i.e.R(t,t,)=Rg(t,t,) rlzzz NiNis1lPar( 0’ |Fio) — par(a’|o)]

+0(t%) just as was the case for the correlations. We rear- o0’

range this result into the form XN =)y = (L = nipPninilpy ().

2t —
R(t,t,) = § ipl(t_tw) - 23—2(t—tw>M In the first line of this equatiom, is to be read asy(o”’)

4| at,, ~ty while in the second one,=n, (o). Now consider the term
XDj(t,) + O(t,”?), (300 Ni-a(1=m)ni,;. It only contributes ta'; for stateso contain-

o o _ing defects at sites—1 andi+1 but not at sitd. For zero
where the expression in the square bracket coincides with ﬂl%mperature coarsening and at latge however, we have
At-dependent factor in E¢25). Thet,-dependent a~mplitude that if there are defects on sites1 andi+1 then toO(t\f)
factor in EqQ.(25) was expressed in terms @;=D;, Eq.  there will be no further defects in any finite neighbourhood
(11), using eX,(x)=e™,(x)+O(x%?). Writing Rg(t,t,)  anyway. We also know that the density of states containing
=A(t,)rs(t-t,) as the equivalent of Eq4) then shows that defects at sites—1, i +1 is (ni_1ni,1)=D5(t,) +O(t;%). Next,
the nonequilibrium functiomg(At) is differentfrom its equi-  given any such stater, =, nj(o”)ni,1(o")pa(o’ | o) is the
librium counter part(—d/dAt)cy(At)=(=d/ JAt)py(At). In probability that these defects occupy sitgsi+1 a time
fact, from (d/ at,)C(t,t,) ~[(9/ dt,) po(t—t,)ID1(ty) and Eq. At later, that isGy(i,i+1;i—1,i+1) from Eq. (19). The
(30) we obtain for the FDR in the short-time regime, abbre-stateF;o, on the other hand, has its defects on sités- 1.

viating X(At)=lim; .. X(t,ty), [To see this, note thatF; is a spin flip operator
|2 A g;— —0j, SO ni_l(FiO'):l_ni_l(O') and ni(FiO')

X(At) = 3 1- 2 g 2At (A1 . 31y =1-n(e) using ne=3(1-0xoi).]  Consequently

4 (= alaAt)py(At) At S N0 1(07)par(0” |Fio) =Gylii+1;i,i+1). Repeat-

Thus the FDR is neither equal to one nor even constant in thi9d this argument t%r the terrfl —n;_ynn;,y in ry, where

short-time regime. In particular, fakt— 0 one finds (nini,1)=Ds(ty,) +O(t,), and working outrs in the same

3 fashion then produces
X(0) = lim X(ty,ty,) =~

IW*) o0 4

(32 1
R(t,ty) = E[GAt(O,J-}O,:D - G,(0,1;0,2]

B. The response function X[Dj(t,) + Da(ty)] + O(t;VS). (34)

Let us now try to understand the origin for the anomalous . . . : :
short-time responsé30). For correlations we saw that the In this r.esult mvanancg of5 under index translation and
asymptotic equality betwee@ and Cg, Eq. (29), could be Gét(o,l,—l,l):th(O,l,O,Z was used. FromD;(ty)
easily explained by random walk arguments. This is, in fact=Da(ty), Da(t,)=Dx(t,)+O(t,) and Egs.(11) and(19) one
also possible for response functions in the short regime. Wshows that Eq(34) precisely reproduces the short-time re-
use that any response functi®q g as defined below Eq1l)  sponseRy, Eq. (25). The subdominan®(t;?) corrections in
can be written—via, e.g., the approach of R&fl]—in the  Eq. (34) are aging contributions arising from multidefect
form processes.
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The structure of Eq(34) clearly reflects the mechanisms T—0 so that the calculated response is always linear. From
causing a short-time response. During the time intervakqg. (35) and at low temperatures, wheye- 1, this produces
[ty.ty* &t] where the perturbatio@H =-hnn;,, is applied a contribution of 1(27,) in the instantaneous response.
there is an increased likelihood for a defect pair located aNow compare this to the other terms in Eg5), using that
sitesi, i+1 to stay there. The effect ofm(t)ni,y(t)) is ac-  p,~D, at low T whether in or out of equilibrium. For low
counted for byG,(0,1;0,1D,(ty) in Eq. (34). Conversely, temperature equilibrium we hav®,,~D;., Because
the chances for the defect on sitel to move tai+2 during D oq~1/(27,) we may writeRe,~ 2D ¢q With all terms in
the interval [t,,t,+dt] are decreased. The corre- Eq.(35) being of the same order. Out of equilibrium, on the
sponding change in{ni(t)ni.4(t)) is proportional to other handD,~ 2D;. The first term in Eq(35) is absent at
-Ga(0,1;0,2D4(t,). By the same reasoning and starting T=0 or negligible compared to the othersTat 0 for suffi-
from configurations containing defects on sitesi+2 or  ciently smallt, (see Sec. Ill £ Overall, we thus have the
i—1,i+1 one explains the remaining terms in E8¢d). Over-  instantaneous respons@~ %Dl for coarsening butRg,
all, defects are on average closer to each other and more 2D, o4in equilibrium. It is this difference in the prefactors
likely to occupy sites, i+1 at timet,,+ &t due to the pertur- that leads to((tw-tw):%-
bation. However, this increases the chances for subsequent
annihilation of the defect pair so that we should expect
(ny(t)n;44(t)) to become lower than without the perturbation
eventually. Indeed, from Eq34) and Dy(t,)~2D4(t,) the ~ From Egs.(29) and(30) we have that the two-time func-
instantaneous responBét,,t,) ~ 3D;(t,) is positive. But as  ONS C(t,tw), R(t,t,) drop to an arbitrarily small fraction of
we increaselt the response drops quickly and becomes zerdhe€ir equal time values within the short-time regime, i.e. be-
at At=7"~2.132; herer is the solution ofG+(0,1;0,7)  fore they display aging. Therefore the exact FD-limit plot
=G,(0,1;0,2. ForAt> 17" the response is negative and ul- follows fro_m the shor_t-_tlme expansions. Since the amphtud_es
timately vanishes a®(At™) in the short-time regime. of equal time quantities are time dependent we normalize

Our discussion so far explains the shape and origin of th&(t,tw) = x(t,t,)/C(t,) and C(t,t,) =C(t,t,)/C(t,1) and plot
short-time nonequilibrium response. But we still do not havey against 1-€, see Refs[16,27]. From Egs.(29) and (30)
an answer as to whig, differs from its equilibrium counter- one obtains
part and thus violates quasiequilibrium. To the contrary, from
the above reasoning it actually seems puzzling that we found C=py(At), (36)
RedAt, 7o >0 in equilibrium; see end of Sec. Il B. The an-
swer to this problem is non-trivial: although the rate for de-
fect pair creation is negligible at low temperatures, perturba- 3= §{[1 -py(AD)] - ZJ
tions of this process contribute in leading order to the 4 0
equilibrium response. For coarsening dynamics, on the other
hand, such processes are abdeitT=0] or negligible[at = These equations apply in the lintj{— oo for arbitrary fixed
T>0, see Sec. lll E Unfortunately, when usind>0 rates At=0. The resulting FD plot is shown in Fig. 2. Note that
w, in Eg. (33) the simple random walk analysis from above when constructing FD plots one generally has to kiefeped
cannot be repeated. We therefore limit our discussion to thand uset, as the curve parametgt6]. This convention en-
instantaneous response. Frpm(o’ | o)=6, , atAt=0 and  sures that the slope of the FD plotX4t,t,). In the short-

C. FD limit plot

At

2
dre2 17 1(7)} . @37
T

settingA=B in Eq. (33), time regime we are exploring, however, the normalized func-
tions only depend on-t,, and eithett or t,, may be used as
Raaltwty) = > [AA(G) Pw (o)1 —Wk(ff)]ptw(ff)- the plot parameter. This is exact fgy—c and correct to
k,o

leading order i, at finite t,,.

In Fig. 2 the slope of the plot at the origin, wheyge-t, is
given by X(O):%. As At increases and reaches the re-
sponse goes to zero. Consequently the susceptibility reaches
a maximum att=7" and the tangent to the FD plot in Fig. 2

1 - becomes horizontal, wit(7)=0. As we increasdt further
+ E[Dl(tw) +7Da(ty)]. (35  the FDR(31) turns negative and diverges linearly wittt,

X(At) ——. Hence the FD plot becomes vertical as it ap-

The first term in this result accounts for perturbations of theproaches its end pointl,Y;). Taking At—o in Eq. (37),
pair creation rate. Defect pair creation at sitgs 1 corre- where the integral is solvabl¢22], gives leg—slw
sponds to flipping spinoi;; within a domain, whereo; ~0.545. Fluctuation dissipation relations for the aging case,
=0y41=0j4+2. From the Ising Hamiltonian the associated costwhere At andt, are comparable, are compressed into this
in energy isAj,1H (o) =4J. In the presence of the perturba- point. So the plot in Fig. 2 only reflects the fluctuation dis-
tion SH=-hnn;,;, however, this is lowered toJ4h. There-  sipation behavior in the short-time regime. In order to dem-
fore, atT>0, the perturbation increases the ratg; of such  onstrate that the predicted violation of quasiequilibrium can
spin flips and thus the density of defect pairs; recall that ireasily be observed in simulations we have included such data
the limit of low temperatures we first take—0 and then in Fig. 2.

Writing  w=2(1-y)+39(n_,+n) and substituting A
=n;n;4, it is straightforward to show that the instantaneous
defect pair response at>0 is

1 1+y
R(tw,tw) = ? >
eq
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FIG. 2. FD plots for the defect pair observalle=n;n;,;. The
full curve shows the limit plot defined by Eq&6) and (37). The
dashed line has slopé=3/4 and is tangent to the limit plot at the
origin. The black dot on the right marks the end pdihl;) of the
limit plot. Simulation data are represented by circles. They are ob- o | | |

tained from simulations af=0 in a system of 1Dspins. The prob- 1077 1o ye 1 1o

ing field for the susceptibility i$1=0.5 and the data are averaged At
over 500 runs. In the plot,,=10 is fixed and=10,...,15 is the

running parameter. Inset: A plot of the FDR in the short-time regime FlG'_S' Top: PlOtS of the exact connected two-time de_fect pair
X(At), Eq. (31), versusAt correlation functionC(t,t,) for zero temperature coarsening dy-

namics, obtained from Eq$22), (24), and(26). The curves corre-
spond tot,,=10', 1, ..., 10 from top to bottom, respectively. The
cusp in each curve separates the regin,t,) >0 (at small At)

. . e . < . : -ti
Our discussion of the non-equilibrium coarsening dynam_from C(t,t,) <O (at largeAt). Bottom: Plots of the exact two-time

. . ) defect pair susceptibility(t,t,) obtained by numerical integration
ICS s.o_far was fOCl_‘Ised on the Sh(_)rt—tlme reglme_wmelre from Egs.(23), (25), and(27). The curves correspond tg=10",
=0 f|n|t(_a andt,,— o; only the short-time term€, Rs¢in our 1%, 1CF, 10° from top to bottom, respectively.

expressiong22) and(23) for the connected two-time defect

pair correlation and response functions contributed to leadingoth times: the presence of a defect pair at tims nega-
order int,. Let us now briefly summarize some interestingtively correlated with that at,,.

features ofC(t,t,) andR(t,t,) beyond the short-time regime. We may picture this effect as follows. If we know that
Here At,t,,— o simultaneously, and therefore the aging con-there is a defect pair at sites +1 at timet,,, the neighboring

tributions C,,, R, EQs.(26) and (27), must be taken into defects are likely to be at a distance of the order of the
account. g9 typical domain size. Then, as time evolves, the original pair

For correlations we expect to see an effect from the comPecomes more and more likely to have disappeared via an-
petition between the pair return probabilipg(At) and the nihilation while neighboring defects have not yet had enough

- : . g time to reach sites, i+1. For the equilibrium domain size
chance of finding an independent pair at sitest+1 at the S ' .
later timet, by analogy with the situation in equilibrium; see distribution these effects reach a balance on the time scale

Sec. Il B. In nonequilibrium and for smalit the discon- At=O(y7eg. In the coarsening case, however, the relative

, L : concentration of small domains—as compared to typical
nected and connected correlations coincide to leading Ord%omains—is much lower than in equilibrium, so that annihi-

in t,. So from Eq.(29) the disconnected correlation is lation of the original pair is comparatively the stronger ef-
CP(t, ) =Dy (ty)py(t-t,). Assuming that this equation ap- fect. Thus, on thge timg scalH:O(tpfv"‘), we Kave a “holg” in

plies up to sufficiently largedt—though still much smaller e gpatial distribution of defect pairs around sites+1.
than_tw—we may now estimate the tlmescqle a(t: which com-This hole persists up to the time sca=0(t,), where
petition sets in. This is done by comp.anrfgo (t,tw) 10 neighboring defects have had time to diffuse in eventually.
Dy(ty)D(t), which is the product of the independent prob- The connected correlation function, see Fig. 3, therefore has
abilities of having a defect pair at sitgsi+1 at timet,, and  three dynamical regimes at largg Up to timeSAt<ta,’4 the

at time t. Because we are assumingf<t,, D;(t,)D;(t)  expansion for the short-time regimé&9) applies and
~D§(tw). The scalings p,(At)=0O(At™?) and D,(t,) C(t,t,) ~ Cq(t,ty). In the time Windowtﬁ,/‘% At<t, the con-
=0O(t,*? then show thaCPC(t,t,) becomes comparable to nected correlation is negative ahthdependent, with contri-
D, (t,)D4(t) on the nontrivial time scalat=0(t>%). In fact,  butions from Cg negligible so thatC(t,t,) ~-D3(t,) ~
from the plots in Fig. 3 the connected correlation becomes(1/64 7,2, Finally, at largeAt>t,, the connected corre-
negativeon that time scale. This means that mr>>tfv’4, the lation remains negative but vanishes &8(t,t,)~
chances of finding a defect pair at sites+ 1 at timet and at  —(1/8)7 *At™3, as follows from expansions of Eq4) and
timet,, arelower than those of independently finding pairs at (26).

ek
=
1

D. Beyond short time differences
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Comparison of the correlation functions in Figs. 1 and 3
shows that the simulation data gt=1 has only given us a
glimpse on the full aging behavior of(t,t,). From the
scales of the plot in Fig. 3, on the other hand, it is clear that
such data are out of reach for simulations. Consider, e.g., the
curve fort,=10% the connected correlatio(t,t,) drops
from its equal-time valu€(t,,t,) ~ D4(t,) of about 10° to
around 10'2 that is by six orders of magnitude, before it
deviates from its short-time behaviG; and displays aging.
This illustrates the general problem associated with explor-
ing the aging behavior of correlation functions with a scaling
of the form(4). We have discussed this issue in the context
of single defect observables in the 1D and 2D Ising models FIG. 4. Plots of the equal time FDK(t,,t,) versus rescaled
in [9]. There, long-time FD-plots are trivial Witﬁzl_a_ timetwlrg/3 for three different temperatures. The curves correspond
However, this only reflects that quasiequilibrium is satisfiedl© 7eq=10° (dotted, 7eq=10" (dashegl and 7,q=10° (dashed-
and does not reveal any information about the aging regimelotted. The full curve applies in the scaling limif, 7eq 2 with
A similar situation is encountered in thel EA model which,  tw/7eq fixed. Inset: Plots oK(ty,t,) versust, for req=1C%,10%,1¢P.
despite a trivial FD plof10,11, hasX# 1 in the aging re- The hump at,=1 is caused by transients following the quench.
gime[28]. As regards the issue of measuring the asymptotic
FDRX*=lim; .. lim_.. X(t,t,), a solution for this problem of the ZFC susceptibility giveg(t,t,) ~ x«(t,t,)and no in-
was suggested in Reff9]. It consists in using different ob- formation about the aging behavior &t,t,) can be ex-
servables which share the sai{é but are more easily ac- tracted. In a measurement of the so-called thermoremanent
cessed in simulations. (TRM) susceptibilityp(t, t,) = f{d7R(t, 7), on the other hand,

The aging behavior of the two-time defect pair responsehis bias is not present sinde-r=t-t,. So if At>t,, for
function R(t,t,) is rather simple. Analysis of Eq$25) and  example, the integral only contains contributions frBfh, 7)

(27), shows that the short-time expansigft,t,) ~ Rq(t,t,), with t—7>7 and aging inR is revealed. The situation is
Eq. (30), applies untilAt becomes compareable tp. More  precisely reversed as compared to the case of spin observ-

precisely, for IXAt<t,, we have R,t,)~ ables in critical coarsenin@9], where the aging behavior of
~(3/3272At" %% Note that as discussed in Sec. Il B R can be extracted frony but not fromp.
the response is negative. In the opposite limitt}, <At this The nonequilibrium FDRX(t,t,) as obtained from Egs.

crosses over t@(t,t,) ~—(9/32 7 32At3; M2 accelerating  (22<(27) has rather strange features whan and t,, are
the decrease oR(t,t,) by a factor oft,/At. Intuitively ~ Simultaneously large. But since the observahledoes not
speaking, the two defects that were located near siteg at ~ Produce quasiequilibrium FDT in the short-time regime we
timet,, and caused the response are likely to have annihilated0 not expecK(t,t,) to have a sensible meaning in the con-
with other defects in the system whab>t,,. This decreases text of effective temperatures. We comment only that the

the chances for such a defect pair to return to sitesl, and ~ short-time expansio(81) applies as long adt<t*, while

therefore the response. the asymptotic FDR divergeX™=co.
The scaling ofR(t,t,,) has an interesting consequence for
the susceptibilityX(t,tW)=f{wdrR(t,T), also referred to as E. Equilibration

zero-field-cooledZFC) susceptibility. At larga this integral Let us finally consider in more detail the crossover to
is dominated by the short-time responBg, i.e., x(t,t,) equilibrium for a finite temperature quendh>0. We focus
~ Xsit,tw). In the integral, as deprilgts front the modulus of  4q4in on the short-time regime and, for simplicity, discuss
the integrandR(t, 7) drops as(t—7)"“ for t—r>1 and there-  onjy the equal time FDRX(t,.t,). An expression for
fore the integral converges quickly. Aging effects in the scal- (91 t,)C(t,t,)|=_is obtained from Eq(A10). The instanta-

ing of R(t,7) whent-7>r, i.e., 7<t/2, only give small 5,5 respongR(t,,t,) follows most conveniently from Eq.
corrections to the value of the integral. Therefore aging con-

tributions in the ZFC susceptibility(t,t,) aresubdominant (35) by WOLking outD,(t,) and ?ZEW) for Ia' quench thT
At large t and for anyt, <t this implies x(t,t,) ~ D;(t)x(t >0 [21]. The t, dependence of the resulting(t,, ) for

—t,) with ¥ as given by Eq(37): Consequently we have three different temperatures is shown in Fig. 4. As expected
W, E . 3 ..
\(t,t,) ~ Y;D4(t) in the aging regime, see Fig. 3, and contri- the curves cross over fror)é(tw,_t\,v)_:;1 at sufficiently small
butions from aging effects in the response have vanished ifw [but still th>1] to the equmb.r!um yalu@((tw,tw)zl at
x(t,t,). We can see the extent of this effect by looking back!2r9€ tw- The time scale for equilibration ok(ty, t,,), how-

. /3 .
to Fig. 1: already at the very moderate valuetpf1, aging €Ver: IS Set byreq - In order to understand this result we
contributions in y(t,t,) are marginal. While all of this is consider the densities of small domains: in equilibrium we

immaterial for exact calculations, where we start from the@ve the Sca“n@_l’e‘{"eq) ~1/ (27991"3"/herea§ for zero tem-
response in the first place, it is crucial for interpreting simu-perature coarsenin®; (t,) ~ 1/(8\at,?). This shows that

lation results. In problems where the response function has the dynamical density,(t,) is comparable to the equilib-
scaling analogous to Eg¢4), see Refs[9-11], measurement rium densityD, o 7y for tW:O(rgf). By working outD;
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=(nn;;1) for a quench toT >0, one easily verifies thdd;  mentsRy=Ry(t,t,) and D4=Dq(t,), etc] An expression for
indeed becomes stationary at its equilibrium value tfpr the G's in Eqgs.(39) and(40) is stated in Eq(19), giving in

> Tﬁﬁf In this regime one also find3,~ D, as expected for particular pd(At)=e‘2m[I§—I§](At), while we can estimate
low-T equilibrium, rather tharD,~ 2D, in the coarsening Dd(tw)=5d(tw)+0(t\7v3) using Eq.(11).

regime. From the representati¢8b) of R(t,,t,) it then fol- Before we proceed with a discussion of E€89) and(40)
lows that the process of defect pair creation starts to contribgor nonequilibrium coarsening dynamics, let us briefly con-
ute to the instantaneous response tige 72, and that the  sider an equilibrium situation. The above assumption regard-
ratio of the other terms assumes its equilibrium value. It iSng the nature of the statas that contribute toC4 and Ry
then not surprising that also thkt dependence oR(t,ty) then still applies if the temperature is low. Therefore, to lead-
becomes identical to the equilibrium response throughout thiyg order in Teg the equivalent of Eq(15) for d>1 is
short-time regime, i.e., quasiequilibrium behavior is FECOV-Cy o At, Teq) ~ Pa(A) Dy e Teg) from Eq. (39). In Eg. (40),

13
ered fort, > 7<Zeq- on the other hand, we U1 e 7eq) ~ Dy ed 7eq) @S the den-
sity of small domains is flat in lowW equilibrium. Combining

IV. NONADJACENT DEFECTS terms  then  shows  that RyedAt,7eq~[(-d/

_ _ IA)Pg(At) |Dg e 7eg)- Thus equilibrium FDT is recovered

_In the previous two sections we presented a comprehenzom Eqs.(39) and (40) at low temperatures. This is non-
sive discussion of the function€(t,t,)=Ci(t,t,) and  yjyial because we use zero temperature Glauber ratda
R(t,tw) =Ru(t,t,) for the observabléy =nin;.,. Now we in- the derivation of Eq(40), see Sec. Il B. In contrast to the
vestigate to which extent our findings generalize to observg=1 case of adjacent defects, pair creation processemtlo
ablesAq=njn;.q which detect defects a distandeapart. As  contribute in leading order to the respong@swith d>1.
explained in the Appendix, an exact derivation of the assoThis makes sense: the perturbatiéf! =-hnn;,q acts on
ciated functionsCq(t,t,) andRy(t,t,) as defined in EqS5)  sites a distance apart but pair creation is only possible on
and (6), respectively, would be extremely cumbersome. In-adjacent sites. So the pair creation rate for sites;i +d+1
stead we exploit the fact that, in the short-time regime we argsay] is affected only if we already have a defect present at
interested in, these functions can to leading ordet,ie  sjte i. The latter condition makes such contributionsRg
obtained from random walk arguments. subdominant fod= 2.

Consider the stategr obtained from low temperature  Having clarified this qualitative difference between the
coarsening dynamics at large In complete analogy to the response®,; andRy with d=2 we return to nonequilibrium
cased=1 we have that amongst the stateontaining de- coarsening dynamics. Here the density of small domains
fects at sited andi+d only a fractionO(t,’) have further pt,) is to leading order proportional to the domain site
defects in any finite neighbourhood. Therefore the discussiomore precisely we estimatBg,,(t,) using Eq.(11) and
of Eq. (15) and(29) directly generalizes to any fini#>1. e, (x)=e™4x)+O(x3?. This allows us to rearrange
In terms of the probability for a defect pair initially located at gq. (40) into
sitesi,i+d to occupy the same sites a tini¢ later,

o a 13t -t
Po(AL) = Gy(i,i + d:i i +d), (39) Raltta) = | ——Pal(t=ty) - e‘z““w)%
the correlatorCy(t,t,,) in the short-time regime is " g v
. XDyt + O(t,”?). (42)
Calt,tw) = pa(At)Dy(ty) + O(t,). (39)

Clearly the nonuniform density of small domains produces a
Although this argument applies directly to the disconnectechonequilibrium term irRy. It therefore differs from its short-
correlations it is also true fo€q(t,t,) since both agree to time equilibrium form. From Eqs(39) and (41) we obtain
O(DCZ,):O(t;f) in the short time regime. For response func-for the associated FDR in the short-time regime, again ab-
tions Ry(t,t,) we use Eq(33) and the same reasoning as in breviatinng(At):Iith% Xq(t,tw),
Sec. Il B to to obtain fod>1

1 1A(At
Xq(AD) =1 - 80

Ra= + %[GAt(O,d; 0,d) - Gy(0,d;0,d - )IDg4 (= 9l9AUPg(AY At

(42)

1 Equations(39), (41), and (42) have a surprising structural
+ Z[G(0,d;0,d) — GA(0,d;0,d - 1)]Dg similarity with their d=1 counterpart$29), (30), and (31).

2 But, in contrast to the case of adjacent defect pafg0)

1 =1 for d=2 rather than(l(O):%, Eq. (32). From the discus-
+ E[GAt(Ovd;ovd) - G(0,d;0,d+ 1)]Dyg sion above we see that effects from perturbing the defect pair
creation rate, which are subdominant whiea 2 but contrib-
ute to leading order fod=1, are at the origin of this differ-
ence. However, it should be stressed thatXtr 0 all FDRs
(40) X4(At) deviate from unity on ai©(1) time scale. Therefore

there is no quasiequilibrium regime for any defect pair ob-

[In order to save space we have omitted here the time argservableA,. Instead we have from Edq42) that X (At)=1

1
+5[Ga(0,0;0,d) - Gy(0,d;0,d + 1) IDgys + o).
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FIG. 5. FD limit plots for defect pair observablég=nn;.q

with d=2,3,4 from bottom to top, respectively, obtained from Egs.

(43) and(44). The dashed line has slope=1 and represents equi-
librium FDT. Black dots mark the end pointd,Yy) of the limit
plots. Inset: Plots of the FDRs in the short-time regdqQéAt), Eq.
(42), with d=2,3,4 from top to bottom, respectively, versht d?.
The curves fod=3,4 are almost indistinguishable, showing tKgt
quickly approaches a scaling form.

—O(At?* Y for At<d? while X4(At)=-At/(2d?)+0O(1) for
At>d?, see Fig. 5.

We visualize the violation of quasiequilibrium behavior in
terms of FD plots. The scalind89) and(40) show that with

PHYSICAL REVIEW E71, 046113(2005

(40), however, perfectly reproduce simulation data for
Cq4(t,t,) and x4(t,t,)= f{WdTRd(t,r) already at small times,
e.g.t,=10 andt=10,...,15 as used in Sec. lll C.

Our simple random walk analysis does not allow us to
make predictions on the aging behavior@fandRy. If both
At andt,, are large, complicated multidefect processes must
be taken into account; only a calculation as sketched in the
Appendix for the casel=1 would allow one to study this
regime. As regards the susceptibiligy, however, we can
predict that y4(t,t,) ~ Y4Dg4(t) in the aging regime even
though we do not know the precise aging behavioRgf
This is simply becausgy is dominated by the short-time
response as discussed in Sec. Il D.

Finally, for quenches to small but nonzero temperature
quasiequilibrium behavior will be recovered whep 727,

just as for adjacent defects. This follows from the depen-

dence of the short-time respon@®) on the density of small
domainsDy and Dy,; and the fact that these densities level
off towards their equilibrium values on that time scale.

V. CONCLUSIONS

In this paper we have analyzed the FDT behavior for
defect-pair observablek;=n;n;,4 in the Glauber-Ising chain.
Contrary to the commonly held notion that short-time relax-
ation generally proceeds as if in equilibrium, none of these
observables produc¥=1 in the short-time regimat<t,,
this applies as long af, is below the crossover time scale

increasingt,, plots become progressively dominated by the 2’3 \we showed explicitly that this unusual behavior arises

short time behavior o€, and Ry. A parameterization of the
limit plots is obtained by taking,— o at fixed At. Normal-
izing correlations and susceptibilities as in Sec. Ill C gives

Ca=py(Ab), (43

2
217 (44)
.

At
5(d=[1‘pd(At)]‘fo dre”

from the response functions, while the short-time decay of
correlations does indeed have an equilibrium form apart
from the expected overall amplitude factor. The deviations of
the responses from quasiequilibrium behavior could be
traced to two factors. First, in the out-of-equilibrium re-
sponse for adjacent defects, events where pairs of domain
walls are created are negligible, while in equilibrium they
contribute at leading order. Second, all responses are sensi-
tive to details of the domain-size distribution in the system,

The limit plots ford=2,3,4 are presented in Fig. 5. Each plot yija their dependence on the density of small domains, and

has slopeX (0)=1 at the origin(not shown and follows the
equilibrium line rather closely untiht~0.25d°. Somewhere
in the range #2<At<2.5d? the plots reach a maximum

these details differ between the equilibrium and out-of-
equilibrium situations.
The inherent-structure picture mentioned in the introduc-

whereXy=0, and acquire a vertical tangent as they approackion suggests a generic interpretation of our results: starting

their end pointg1,Yy), with Xy(At) — - diverging linearly
with At. From Eq.(44) the Y4 are[22]

d 1k
z_l_z (-1 ’
4 k=1 2k_ 1
giving Y,=0.962, Y3~0.983, Y,~0.990, etc., andvy=1
—-0O(d™?) for larged. We remark that because the limit plots
for d=2 lie very close to the equilibrium line—Fig. 5 shows

Yy=1 —%(— 1)"[ (45)

from an out-of-equilibrium configuration with a given num-
ber of defects or domain walls, we can loosely say that we
remain within the same “basin” as long as no domain walls
annihilate; the energy then remains constant. A similar inter-
pretation has been advocated, in the context of the
Fredrickson-Andersen model, in R¢B0]. Transitions to a
basin with lower energy then correspond to the annihilation
of two domain walls; at long coarsening timgs such tran-
sitions between basins are separated by long stretches of “in-

only the top-right corner of the plot—very accurate datatrahasin” motion. Within this picture, our defect-pair observ-
would be needed to reproduce them in simulations. Furtherab|eSAd measure precisely when a transition to a new basin

moreyy(t,t,) only converges slowly to it,— o limit (44).
This is easily verified by numerical evaluation ®f(t,t,)
:[1/C(t,t)]f§WdTRd(t,7-) based on Eqg39) and(40). These

is about to happen, i.e., they focus on the out-of-equilibrium,
interbasin dynamics. From this point of view it is not surpris-
ing that theAy do not exhibit quasiequilibrium behavior even

two facts in combination make it virtually impossible to seeat short times. Spin and single-defect observables, on the

the limit plots, Fig. 5, in simulations. Equatior89) and

other hand, are not unusually sensitive to transitions between
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basins, so that their short-time relaxation is governed by thepace. When using the symmetries®f under translations,
guasiequilibrium, intrabasin motiof®-11]. This highlights reflections, and permutationamong the components of
the crucial dependence of nonequilibrium fluctuation-andj but not betweem andj) the above equation fde(t,t,,)
dissipation relations on the probing observables. assumes the simpler form

The above interpretation suggests that lack of quasiequi-
librium behavior in the short-time regime could occur quite
generically in glassy systems. Certainly in glass models with
kinetically constrained dynami¢81], one would expect ob-

L L 1

servables that detect the proximity of two or more facilitating +—C0,2.02- (A2)
defects to display similar behavior to the one studied in this 16 &7
paper. More generally, the same should apply to observablqﬁ

) " i . ote that whileC(t,t,) can be expressed in terms of four-
which are sensitive to transitions between basins or meta- . . . . .
SRin correlationgA1) only, this is not possible fod=2; in

stable states. In structural glasses, conventional observabI{a\ne latter case the expressions @y(t,t,) contain eight-spin
such as density fluctuations are clearly not of this type. How- P v gnt-sp

ever, observables which measure, e.g., how close a local pafnwol_tlgﬁn%zrrseclnﬁgnlsniﬂﬁ Zﬁgﬁ: calt%lzlailgrlf]:?ggn;i:éceed—
ticle configuration is to rearranging into a different local gly ' 9y W P

structure could be expected to display violations of quasi™ay P& decomposed into
equilibrium behavior. If the density of such configurations 1
decreases with increasirtg then the bound of Refl5] is R(t,ty) = =[Ro.1.0. + R1.2.01 ~ Ro.2.02 ~ Ro.2.0.1]
essentially void as discussed below E2). It would be in- 8
teresting to construct such observables explicitly—
thresholding of an appropriately defined free volume would + ER<0,2),(0,2)’ (A3)
seem an obvious candidate—and to test our hypothesis in
simulations. with

Finally, the requirement that the short-time relaxation
should display quasiequilibrium behavior could be used to _ &Uil(t)aiz(t»
narrow down the class of “neutral observables” which are Rj=T Shi(ty) heo (Ad)
suitable for measuring a well-defined effective temperature : =
in the limit of large time differences. We note in this context For the multispin response functigA4) the fieldh; is ther-
that the condition lim ...(9/dt,)C(t,t,) #0 at fixed At is  modynamically conjugate toj, o;,. Let us remark that while
not necessary to obtain quasiequilibrium FDT. For thethe pairC, R violates quasiequilibrium this is not the case
single-defect observables considered in REIs11], for in-  [35] for the constituting pair<;j, R;;. Next, the four-spin
stance, this limit vanishes yet quasiequilibrium behavior iscorrelations in Eq(A2) are expressed in terms of the result

C(t,ty) = é[C(O,l),(O,l) +C1.2,0,0 ~ C0,0,02 ~ C0,2,0,1]

observed nevertheless. given in Ref.[21], viz.,
ACKNOWLEDGMENTS Cij= +[F1,, ~ Hi,-i, (281, 2t)H; - (2ty)
We acknowledge financial support from Osterreichische -[+ e_AtIil—jl('yAt) +g%1,j1]
Akademie der Wissenschaften and EPSRC Grant No. At i
00800822. X[= e, (yA) +£5 5]
— Ay I
APPENDIX e (rA) +E4 ]
CAY L i
We summarize below the ingredients that are needed to X[+e l'z‘Jl(yAt) +g'2v11]' (AS)

obtain our expressions fa8=C,; and R=R; based on the
general results derived in RgR1]. The correlationC(t, t,) isfy i,<i, andj; < j,. The multispin response functidid)
islfirst reduced to multispin correlations by substitutimg for the casd,=j,+1 is also stated explicitly in Ref21] and
:z(l—a'i(riﬂ) in Eq. (5). This gives reads[jllsz(jl—l,jl) andjz’sz(jz,jz"' 1)]

Here and below the indices(i4,i,) andj=(j;,],) must sat-

16C(t,ty) = +Cio,1,01 * C0.1,1.2 = C0.0.02 + C1.2.0.1 N v N J_ £
+C -C -C -C Rj=+e i)~ 1_5 (-e Iiz"jz+gi2vjz)+3
(1,2,(1,2 (1,2,(0,2 (0,2),(0,1) (0,2,(1,2
+C0,2,02: -At jbs -At ba
X(He it &) | +e i | +|1- 5
where
Ci; = {01,001, (D0, (tw) oy, (1) = (o, (Do (1)) Kot vl - Le el
ij = \0i V0,00, (w0, i, \V 0, 11712 LU ) i1=ig*l [EDE
X (0} (t) () (A1) /2 o
_ _ _ - ‘Atlil_j2{+<1——>(+ e T W
We have omitted the time arguments@y; in order to save 2 2
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) 25 _ %
X(-e Atliz‘jz‘1+5liz’l'2+1)] AtI'z 12{ (1_E>
,)/2

A _A 2,s
X(+e tl i-ig ¥ 111)+_( € tI'l i71 +€112+1)}

(A6)

% %

— LA _A . N
Rz v “{ (1_?)( €, + €L L e

,}/2

ils _ ¥
+(-€ At||2 I2 ‘c"Jinz)HZ]} e Atliz_j { (1 _E)( ¢ Atlll 2 112
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We have omitted the argumenggAt) of the functionsl in
order to save space. The multispin response functions for the
casej,> j;+1 are not given explicitly in Ref21]. However,

by following the general procedure developed there one veri-
fies the result [[¥=(j;—1,j1,j1+1.j») and j>°=(j1,j»

-1 1j21j2+1)]

ils
Ay I .
i jl+l+5 1) jomip1 (+e I —Jl—l+8|2,11+1)H]2—11+l

'211
,y2

i1s
_At it
[(+e li- Jl+1+5i1,jl—1)Hj2—jl—1

’}/2

_(+ _Atl —j1—1+ 1jl+1)H]2 —jt 1+( —At||1 —is 5{ ,)Hz]}‘ _Atll1 ]2{ (1__)(+ _Atllz i1 5]IZJ1)

e,

X{(1§><' rely) Tl

+€ 1J2+1)H]2 Jl 1]}

i2,8
’ At
gjizvil)Hz_(_e Iiz‘J2+1+g

'212

ig- 11

Again, all functionsl have argumentyAt) and additionally
all functionsH appearing in Eq(A7) have argumen(2t,).
After substituting Eqs(A5)—(A7) for the multispin correla-
tion and response functions in Eq#2) and (A3), C(t,t,)
andR(t,t,) are expressed in terms bfH, £, andF. Next we
also represenf and F in terms ofl andH by applying the
corresponding formulas derived in Rg21], viz.

gL,jV = HjV—iE(Aty 2tw) - E 5j,me_At| iE—m( 'yAt)HjV—m(th)y
m

and

Fl i =Hi (2462t - E €, _n(YADH, _n(At,21,)
+ 2 8 m€ M m( YADH; (At 21,)
m
+ 2 8 m0n€ 2 _m(YAD] n(yADH, m(2L),
mn

where 8 ,=1-sgnj;—m)---sgr(j,—m) with p=dim(j), i.e.,

1)H12]+1+( _AI

2
P25\ — (= @At
L Ha— (e g+ €

—A
Pait 1+ € 2J2+1)H12 i1= 1] I'z ~i2

At
1Jz DHjpigr+ (0 € i

(AT)

tl+t2
Hn(tlytz) = %J dTe_T[In—l - |n+1]('y7'), (A8)
t

1

where we use the notatioH,(7)=H,(0,7). In equilibrium

the quantityH,, o 7) =lim._,.. H,(7,1) is relevant, cf. Eq(12).

Simplification of the expressions f&¢ and R are possible
when using the recursion formula

2
Hnea(ty, 1) = = Hpoa(ty,tp) + ;Hn(t1!t2)

+ €01 g = 1l (vt + 1)
- _tl[ln—l - |n+1](7t1)- (A9)

One easily proves EqA9) when substituting Eq(A8) and
integrating by parts. With(t;,t,)=0, which follows trivi-
ally from Eq. (A8), any functionH,(t;,t,) may thus be de-
composed into modified Bessel functions ahi(t,t,).

p=2 or 4 in our case. The sums in these equations are finit&lso, the recursiorl,-;—1,+11(x) =(2n/x)1(x) is useful for
since g, i, is nonzero only within the index-range covered by rearranging the results. We US&THEMATICA 5.0 to carry out
the components gf Upon substitution of the latter equations the algebraic manipulations described above. The procedure
for all functionsg, F the defect-pair correlation and responseyields significant cancellations in the expressionsGoand

functions are expressed purely in termslpH. The func-

R. For a quench td >0 we obtain Eq(A10), see below, and

tions H, in turn, are expressed in terms of modified Besseh similar expression foR; taking T— 0 where the integral

functions via

H, is soluble[21] then produces the resultg2)—(27).
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ot LA ) [e‘(”‘w) L(y(t+ty)

t+t, t+1, 2ye W1 - 1 )(A(t - t,))[1 - H1(2tw)]] +Hy(t-t,2t,)

o=

2

> [ie—(mw)M — 29 W1 = 1] (At~ t,) ( 1., e‘2tw| 1(§t7tw) ) }
eq

1
+H3(t-ty,2t,) (. A10
Teq t+tW e w 1( W w)} ( )
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