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We present examples demonstrating that quasiequilibrium fluctuation-dissipation behavior at short time
differences is not a generic feature of systems with slow nonequilibrium dynamics. We analyze in detail the
nonequilibrium fluctuation-dissipation ratioXst ,twd associated with a defect-pair observable in the Glauber-
Ising spin chain. It turns out thatXÞ1 throughout the short-time regime and in particularXstw,twd=3/4 for
tw→`. The analysis is extended to observables detecting defects at a finite distance from each other, where
similar violations of quasiequilibrium behavior are found. We discuss our results in the context of metastable
states, which suggests that a violation of short-time quasiequilibrium behavior could occur in general glassy
systems for appropriately chosen observables.
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INTRODUCTION

It is a common notion that in the nonequilibrium dynam-
ics of glassy systems, fluctuations of microscopic quantities
are essentially at equilibrium at short times, before the sys-
tem displays aging. The concept of inherent structures or
metastable statesf1g, for instance, is closely related to this
picture. There, one partitions phase space into basins of at-
traction, e.g., corresponding to energy minima. At short
times the system is expected to remain trapped in such meta-
stable states, leading to equilibrium-type fluctuations, but ac-
tivated interbasin transitions eventually produce a signature
of the underlying slow nonequilibrium evolution.

A now standard procedure for characterizing how far a
system is from equilibrium is provided by the nonequilib-
rium violation of the fluctuation-dissipation theoremsFDTd
f2–4g. Starting from a nonequilibrium initial state prepared at
time t=0 one considers, fortù twù0,

Rst,twd = Xst,twd
]

]tw
Cst,twd, s1d

where Cst ,twd=kAstdBstwdl−kAstdlkBstwdl is the connected
two-time correlation function between some observablesA,
B andRst ,twd=TudkAstdl /dhstwduh=0 is the conjugate response
function; the perturbation associated with the fieldh is dH
=−hstdB. Note that we have absorbed the temperatureT into
our definition of the response function. Thus, for equilibrium
dynamics, FDT implies that the fluctuation-dissipation ratio
sFDRd Xst ,twd defined by Eq.s1d always equals 1. Corre-
spondingly, a parametric fluctuation-dissipationsFDd plot of
the susceptibility xst ,twd=etw

t dtRst ,td versus Cst ,td
−Cst ,twd has slopeX=1. In systems exhibiting slow dynam-
ics and aging, on the other hand, the FDRXst ,twd is often
found to have a non-trivial scaling form in the limit of long
times f4g. Over short observation intervalsDt= t− tw and at
large waiting timestw, however, one expects to recover equi-
librium FDT with Xst ,twd=1 according to, e.g., the inherent
structure picture. Such “quasiequilibrium“ behavior at short
times has been observed in essentially all previous studies
f4g involving microscopicobservables.

Rigorous support is given to the quasiequilibrium sce-
nario in Ref.f5g. There a general class of systems governed
by dissipative Langevin dynamics is considered. Based on
the entropy production rate in nonequilibrium dynamics, a
bound is derived for the differential violationVst ,twd of FDT

Vst,twd =
]C

]tw
− R= f1 − Xst,twdg

]Cst,twd
]tw

. s2d

The bound implies that under rather general assumptionsf5g
and for observables only depending on afinite number of
degrees of freedom one hasVst ,twd→0 for anyDtù0 fixed
and tw→`; we call this the “short-time regime” from now
on. Via Eq.s2d it is concluded thatXst ,twd→1 in the short-
time regime. Clearly, however, the last step in this reasoning
is only justified if limtw→`s] /]twdCst ,twd at fixedDt is non-
vanishing. This will be the case if, for example,Cst ,twd ad-
mits a decomposition into stationary and aging partsf6g at
large tw,

Cst,twd = Cstst − twd + Cagst,twd. s3d

On the other hand, ifCstw,twd→0 for tw→` then also
limtw→`s] /]twdCst ,twd will normally vanish. For such ob-
servables,Xst ,twd can a priori take arbitrary values in the
short-time regime without violating the bound onVst ,twd de-
rived in Ref.f5g.

In Eq. s3d, the stationary contribution can be defined for-
mally asCstsDtd=limtw→` CsDt+ tw,twd. If CstsDtd has a non-
zero limit for Dt→`, the this is conventionally included in
Cag instead. One then finds that the remainder,Cag, is an
“aging” function: for large times it typically depends only on
the ratiot / tw. Correlation functions of the forms3d are often
found in aging systems, for instance, when considering local
spin-observablesA=B=si in critical ferromagnetsf7g; here
Cag also contains an overalltw-dependent amplitude factor.
Further examples would be spin observables inp-spin mod-
els f2g or density fluctuations in MCTf8g. In either case the
stationary correlationsCstst− twd are intrinsically equilibrium
relatedsbulk fluctuations, dynamics within metastable states,
“cage rattling”d and quasiequilibrium behavior is enforced by
the bound of Ref.f5g. Beyond that, however, there are vari-
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ous examples in the recent literaturef9–11g displaying qua-
siequilibrium behavior even thoughCstw,twd→0 for tw→`.
In the context of ferromagnets and spin-facilitated models
such correlations are obtained when considering domain-
wall or defect observablesA=B=ni. A generalization of Eq.
s3d accounting for the decrease of equal time correlations
with tw is

Cst,twd = Astwdcstst − twd + Cagst,twd. s4d

In the short-time contributionCstst ,twd=Astwdcstst− twd f32g,
cst is now defined ascstsDtd=limtw→` CsDt+ tw,twd /Astwd. It
is useful to fixcsts0d=1, so thatAstwd must behave asymp-
totically as the equal-time correlationCstw,twd. Results for
defect observables in one and two-dimensional Ising models
f9g are compatible with this scaling. For the one-dimensional
FA and East models a similar picture emerges and it has been
conjectured that aging contributions are in fact absent
f10,11g. We discuss the scalings4d and its implications in
more detail below. It is clear, however, that ifCst ,twd
,Astwdcstst− twd and also Rst ,twd,Astwdrstst− twd in the
short-time regimeswhere ; denotes asymptotic similarity
for tw→`d then quasiequilibrium behavior requiresf33g that
rstst− twd=s] /]twdcstst− twd. The results of Refs.f9–11g in-
deed support this link.

Recently, the authors of Ref.f12g have exploited the no-
tion of quasiequilibrium todefinea nominal system tempera-
tureTdyn even for models where a thermodynamic bath tem-
peratureT does nota priori exist, e.g., because the dynamics
does not obey detailed balance.Tdyn is determined from the
short-time dynamics of correlations and responses, and the
authors of Ref.f12g argue that for systems coupled to a heat
bath this definition should generically reduce toTdyn=T.
They in fact attempt a proof of this statementf34g, for spin
models in the universality class of the two-dimensional Ising
model.

The dependence ofXst ,twd on the pair of observablesA, B
used to probe nonequilibrium FDT, Eq.s1d, in finite-
dimensional systems is still an actively debated issue
f4,9,13–16g. This is of particular relevance as regards the
possibility of characterizing the slow dynamics in glassy sys-
tems by a time-scale dependent effective temperatureTeff
=T/Xst ,twd f3g. Beyond mean-field models one does not ex-
pect Xst ,twd, or more precisely its long time scaling, to be
completely robust against the choice ofA, B. Instead, it has
been suggested that there may only be a limited class of
“neutral” observables which allow a measurement of effec-
tive temperaturesf4,16g. It then seems plausible that also the
notion of quasiequilibrium in the short-time regime may not
hold for all observables. This prompts us to revisit the ob-
servable dependence of short-time fluctuation-dissipation re-
lations.

To be able to carry out explicit calculations, we study a
simple coarsening system, the one-dimensional ferromag-
netic Ising spin chain with Glauber dynamics. Coarsening
systems are, of course, different from glasses but they do
exhibit aging behavior, easily interpretable because of its link
to a growing length scale. This makes them useful “labora-
tory” systems for testing general ideas and concepts devel-

oped for systems with slow dynamics. The dynamical length
scale in a coarsening system—which in our case is just the
typical domain size—allows one to distinguish equilibrated
modes from slowly evolving nonequilibrium modes. For
spatially localizedobservables one thus naively expects qua-
siequilibrium dynamics at short times, as soon as the domain
size has become much larger than the length scale probed by
the observable. But, as we will see in the following, this is
not true in general: there are many local observables that do
not obey the equilibrium FDT even in the short-time regime.
Such nontrivial violations of quasiequilibrium behavior have
to be distinguished from what is found forglobal observ-
ables such as, for example, the magnetizationf9g: these de-
pend on an extensive number of degrees of freedom, hence
the bound of Ref.f5g does not apply and one would not
expect quasiequilibrium behavior at short times. In coarsen-
ing systems this is also physically transparent: global observ-
ables measure the dynamics on lengthscales larger than the
typical domain size, where equilibration has not yet taken
place.

We analyze the nonequilibrium FDT in the Glauber-Ising
chain for observables that probe correlations between do-
main walls sdefectsd at distancesdù1. In Sec. I we define
our two-time correlation and response functions; their exact
derivation for the cased=1 is sketched in the Appendix. We
then recall some useful facts about the domain size distribu-
tion, both in and out-of equilibrium. In Secs. II and III we
study adjacent defects, i.e.,d=1. Some features of the equi-
librium dynamics, where FDT is obviously satisfied, are dis-
cussed in Sec. II. The low temperature coarsening dynamics
are then analyzed in Sec. III and compared to the baseline
provided by the equilibrium results. In particular, we focus
on the short-time regime in Secs. III A–III C. The aging be-
havior is discussed in Sec. III D while Sec. III E deals with
the crossover to equilibrium. Based on the understanding de-
veloped ford=1, nonequilibrium FD relations for defects at
distancesd.1 are then studied in Sec. IV. We conclude in
the final section with a summary and discussion.

I. DEFECT PAIR OBSERVABLES

In order to obtain nontrivial fluctuation-dissipation behav-
ior in the short-time regime we have to consider nonstandard
observables; in the Glauber-Ising chain local spin as well as
defect observables satisfy quasiequilibriumf9,17,18g. How-
ever, as already mentioned in Ref.f9g, multidefect observ-
ables are potentially interesting candidates for new results.
The simplest choice in this class are the defect-pair observ-
ablesAd=nini+d with dù1. We introduce the connected two-
time autocorrelation functions associated withAd as

Cdst,twd = knistdni+dstdnistwdni+dstwdl − knistdni+dstdl

3knistwdni+dstwdl. s5d

The local two-time defect-pair response functions are

Rdst,twd = TUdknistdni+dstdl
dhstwd

U
h=0

, s6d

where the perturbationdH=−hstdnini+d is applied. Through-
out the paper we use the short-handsC;C1 andR;R1 for
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the cased=1. Our subsequent analysis ofC andR is based
on exact expressions, see the Appendix. SinceAd is nonzero
only if we simultaneously have defects at sitesi and i +d, its
behavior will reflect the domain size distribution in the sys-
tem, and an understanding of the latter will be useful.

A. Domain size distribution

To summarize briefly, the Glauber-Ising chainf19g is de-
fined on a one-dimensional lattice of Ising spinssi = ±1
with Hamiltonian H=−Joisisi+1, where each spinsi flips
with rate wissd= 1

2
f1− 1

2gsissi−1+si+1dg; here g
=tanhs2J/Td. In terms of the domain-wall indicators or de-
fect variablesni =

1
2s1−sisi+1d[ h0,1j the density of do-

mains Dk of given sizek is expressed, using translational
invariance, as

Dk = kn0s1 − n1d¯s1 − nk−1dnkl. s7d

As usualk¯l refers to the ensemble average in the case of
equilibrium and otherwise to an average over initial configu-
rations and stochasticity in the dynamics.

In equilibrium the derivation ofDk for the Glauber-Ising
chain is straightforward: fromkpinil=piknil and translational
invariance we have

Dk,eq= kn0l2f1 − kn0lgk−1. s8d

The distribution of domain sizesk is thus exponential in
equilibrium, with the most frequent domains those of size 1.
The mean domain size, on the other hand, is given by the
inverse of the concentration of defectskn0l. One easily
shows that

ceqsteqd = kn0l =
1

Î2teq

Î1 + g − Î1 − g

Î2g
. s9d

For equilibrium quantities we generally use the equilibration
time teq=1/s1−gd, 1

2 exps4J/Td to parametrize tempera-
ture. At low T the defect concentration scales asceq
,s2teqd−1/2. Hence the mean domain size isOsÎteqd. From
Eqs. s8d and s9d the density of small domains with sizek
=Os1d is then flat,Dk,eq,1/s2teqd.

We note briefly that ourDk are densities of domains of
given size, rather than a normalized domain size distribution.
The normalization factor is simply the defect concentration
since, from Eq.s8d, ok=1

` Dk=kn0l. Abbreviatingc=kn0l, we
can thus writeDk=cPk with ok=1

` Pk=1. For smallc, the nor-
malized distributionPk often assumes a scaling form, withk
scaled by the mean domain size 1/c: Pk=cPskd with k=kc,
and correspondinglyDk=c2Pskd. From Eq.s8d, the equilib-
rium scaling function is exponential,Pskd=exps−kd.

For the out-of-equilibrium case a derivation ofDk is
rather less trivial; a corresponding calculation for the one-
dimensionals1Dd Potts model is given in Ref.f20g. For the
Ising case and a quench at timet=0 from a random, uncor-
related initial state to zero temperature, the results are as
follows: the mean domain size grows asc−1=OsÎtd with
typical domains having a concentrationOsc2d=Ost−1d. For
large domain sizes,k@Ît, Dkstd has an exponential tail

Ofs1/tdexps−ak/Îtdg; an expression for the constanta is
given in Ref.f20g. The density of small domainsk!Ît, on
the other hand, is linearly related to the domain size, with
Dkstd=Osk/ t3/2d. Correspondingly, the scaling formPskd of
the normalized domain size distribution decays exponentially
for largek, but is linear ink for k!1.

The precise scaling of the density of small domainsk
=Os1d in nonequilibrium coarsening is easily derived. In-
stead of directly working out theDk, which is cumbersome,
consider for a moment the quantity

D̃k = kn0s1 − 2n1d¯s1 − 2nk−1dnkl. s10d

In contrast to theDk, any D̃k can be conveniently expanded

in terms of two-spin correlations. We have, in fact,D̃k

= 1
4ks1sk−s0sk−s1sk+1+s0sk+1l. For zero-temperature

coarsening one showsf21g

D̃kstd =
k

2
e−2t Iks2td

2t
, s11d

where theInsxd are modified Bessel functionsf22g. Now

compare the definitions ofDk and D̃k in the limit of large
times. For both quantities we have that only states withn0
=nk=1 contribute. To leading order these states do not con-
tain any further defectsni in the rangei =1,… ,k−1, hence

Dk, D̃k,k/ s8Îpt3/2d for t→`. States that do contain fur-
ther defects in this range, on the other hand, causeDk to

differ from D̃k. In an independent interval approximation,
which gives the correct scaling but incorrect prefactors
f20,23g, the chances to have an additional defect at sitei are
DiDk−i =Ost−3d. Contributions from states containing more
than one defect in this range are even smaller, giving overall

Dk=D̃k+Ost−3d. By the same reasoning we also have

knini+kl=D̃k+Ost−3d. These scalings apply for any fixedk
ù2 and in the limit of larget. For k=1, finally, we have

knini+1l=D1=D̃1 as the definitions coincide in this case.
Note that when comparing only the scale of typical do-

mains in and out of equilibrium, an out-of-equilibrium sys-
tem of aget is comparable to an equilibrium system with
equilibration timeteq< t. Indeed, typical domains have size
OsÎteqd and densityOsteq

−1d in equilibrium, while out of equi-
librium the same quantities scale likeOsÎtd and Ost−1d, re-
spectively. However, this correspondence does not extend to
the details of the shape of the domain size distribution. In
particular, it breaks down for small domainsk=Os1d. In
equilibrium such domains have a concentrationOsteq

−1d while
in the corresponding coarsening situation their concentration
Osk/ t3/2d is much smaller.

It is instructive to note that Glauber dynamics for the spin
systemhsij corresponds to a diffusion limited reaction pro-
cessf24g for the defectshnij; the diffusion rate is1

2. At low T
adjacent defects annihilate with rate close to 1 while pair
creation, i.e., flipping a spin within a domain, occurs with
rate 1/s2teqd. The latter process is important in
equilibrium—continuously producing new domains of size
1—but is unimportant at low temperatures while the system
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is coarsening, and indeed strictly absent at zero temperature.
This leads to the different scalings of the density of small
domains in and out of equilibrium.

II. EQUILIBRIUM

In order to familiarize ourselves with the dynamics of
defect pairs we now study the equilibrium behavior of the
two-time correlationCst ,twd. An exact expression is obtained
from the result for a quench to finite temperature given in the
Appendix by taking the limittw→` at fixed Dt= t− tw. We
use the notationCeqsDt ,teqd=limtw→` CsDt+ tw,twd for the
equilibrium correlation; from Eq.sA10d one has

CeqsDt,teqd =
1

2gteq
H1,eqsDtdHe−DtfI0 − I1gsgDtd

−
1

2gteq
H1,eqsDtdJ . s12d

Here we have introduced the short handf¯gsxd to indicate
that all functions enclosed in the square brackets have argu-
mentx. The functionH is introduced insA8d and discussed
in the Appendix. Because FDT is satisfied in equilibrium the
conjugate response tos12d is ReqsDt ,teqd=−]DtCeqsDt ,teqd.
Consequently the equilibrium susceptibility is given by

xeqsDt,teqd = Ceqs0,teqd − CeqsDt,teqd, s13d

and we subsequently focus on the discussion ofCeq.

A. Small Dt regime

Let us first consider the dynamics ofCeqsDt ,teqd for finite
Dtù0 and in the limit of low temperaturesteq@1. Via the
definition s5d of C;C1 the equal-time valueCeqs0,teqd
=knini+1l−knini+1l2 is directly linked to the density of do-
mains of size 1,D1,eqsteqd=knini+1l. From Eqs.s8d and s9d
and settingDt=0 in Eq. s12d

D1,eqsteqd =
1

2teq

1 −Î1 − g2

g2 =
1

2gteq
H1,eqs0d. s14d

At low temperaturesD1,eqsteqd and thusCeqs0,teqd scales as
D1,eqsteqd,1/s2teqd. Now, for finite Dt.0 and in the limit
of low temperaturesteq@1 an expansion of Eq.s12d gives,
to leading order,

CeqsDt,teqd = p1sDtdD1,eqsteqd + Osteq
−2d, s15d

where

p1sDtd = e−2DtfI0
2 − I1

2gsDtd. s16d

From Eq.s15d and our knowledge of the equilibrium domain
size distribution we may assign a direct physical meaning to
p1sDtd: in the limit of low temperatures and at finiteDt the
connected and disconnected correlations coincide to leading
order, i.e.,CeqsDt ,teqd,knisDtdni+1sDtdnis0dni+1s0dl. So only
situations where sitesi and i +1 are occupied by defects at
both times contribute toCeq. But since the size of typical
domains scales asOsÎteqd, the probability for neighboring

domains to be of sizeOs1d vanishes at low temperatures.
Therefore, and sinceDt=Os1d, the defect pair at sitesi,
i +1 at the later timeDt must in fact be the one that also
occupied these sites at the reference time. Hence we may
interpretp1sDtd as the “random walk return probability of an
adjacent defect pair.”

This scenario is easily verified by direct calculation. Con-
sider a one-dimensional lattice containing exactly two de-
fects at sitesk andl with k, l at timet=0. Denote byptsi , jd
the probability to find these defects at sitesi , j at time t.
Since theT=0 dynamics of defects in the Glauber-Ising
chain is diffusion-limited pair annihilationf24g with diffu-
sion rate1

2 and annihilation rate one theptsi , jd satisfy f20g

]

]t
ptsi, jd = − 2ptsi, jd +

1

2
fptsi − 1,jd + ptsi + 1,jd + ptsi, j − 1d

+ ptsi, j + 1dg. s17d

This system of equations must be solved overi , j subject to
the boundary conditionsptsi , id=0. Using imagesf20,21g it is
straightforward to show that the solution is

ptsi, jd = o
k,l

Gtsi, j ;k,ldp0sk,ld, s18d

where

Gtsi, j ;k,ld = e−2tfI i−kI j−l − I i−lI j−kgstd. s19d

It is clear from this result that the Green’s function
Gtsi , j ;k, ld is in fact the conditional probability of finding
the defect-pair at sitesi , j at timet given that it was initially
located at sitesk, l. Consequentlyp1std=Gtsi , i +1;i , i +1d
as claimed above. The two-time defect-pair correlation
CeqsDt ,teqd, Eq. s15d, is thus to leading order given by the
probability D1,eqsteqd of having a defect pair at sitesi, i +1
times the conditional probabilityp1sDtd for this pair also to
occupy the same sites a timeDt later. ForDt@1 an expan-
sion of s16d givesp1sDtd,1/s2pDt2d: the return probability
for the defect pair drops quite rapidly as defects are likely to
have disappeared via annihilation in the time intervalf0,Dtg
if Dt@1.

B. Large times

When Dt becomes comparable toteq the simple picture
discussed above breaks down; annihilation events with re-
mote defects and pair creation are then relevant. But from
Eq. s12d results for this regime, which are formally obtained
by taking Dt, teq→` with their ratio fixed, are easily de-
rived. In this limit we replace the modified Bessel functions
appearing in Eq.s12d with their asymptotic expansionsf22g.
This produces the leading order scalings

CeqsDt,teqd ,
1

4pDt2teq
fDt ! teqg, s20d

CeqsDt,teqd ,
3teq

16pDt4
e−2Dt/teq fDt @ teqg. s21d

The expansions20d matches the largeDt limit of Eq. s15d. So
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up to the time scaleDt=Osteqd the decay of theconnected
two-time defect pair correlation is controlled by the defect
pair return probability. For timesDt beyondOsteqd, defect
configurations are reshuffled via pair creation and the con-
nected correlation vanishes exponentially as one might ex-
pect. For later reference we note that according to Eqs.s15d,
s20d, ands21d we haveCeqsDt ,teqd.0 at all times.

There is, however, a subtle effect in the underlying phys-
ics. This becomes obvious when considering disconnected
correlation functions. The disconnected defect pair
correlation in equilibrium is Ceq

DCsDt ,teqd
=knisDtdni+1sDtdnjs0dnj+1s0dl, and is linked to the connected
one via Ceq

DCsDt ,teqd=CeqsDt ,teqd+D1,eq
2 steqd. Now accord-

ing to Eq. s14d we haveD1,eq
2 steqd=Osteq

−2d while from Eq.
s20d, CeqsDt ,teqd=OsDt−2teq

−1d for Dt!teq. Therefore, ifDt
@Îteq, CeqsDt ,teqd is negligible compared toD1,eq

2 steqd and
so the disconnected correlationCeq

DCsDt ,teqd becomes
Dt-independent. In other words, because of the rapid decay
of the defect pair return probabilityp1sDtd we are more
likely to find an independent defect pair at sitesi, i +1, rather
than the original one, already on a time scaleDt=OsÎteqd.
This is in marked contrast to spin orssingled defect observ-
ablesf21g, where this crossover happens on the time scale
Dt=Osteqd.

Let us finally consider the equilibrium defect pair suscep-
tibility xeqsDt ,teqd. According to Eq.s13d it is strictly in-
creasing, implying thatReqsDt ,teqd.0 at all times, and
grows from its initial value of zero atDt=0 to the asymptotic
value Ceqs0,teqd on anOs1d time scale. Explicitly we have
from Eq. s15d the approximationxeqsDt ,teqd<D1,eqsteqdf1
−p1sDtdg which holds uniformly inDt at low temperatures.

III. NONEQUILIBRIUM

In this section we analyze defect pair correlation and re-
sponse functions for zero temperature coarsening dynamics
following a quench from a random, uncorrelated initial state.
For the most part we will focus on the short-time behavior of
these functions. Following our discussion in the introduction
we decompose the two-time functions into short-time and
aging contributions

Cst,twd = Cstst,twd + Cagst,twd, s22d

Rst,twd = Rstst,twd + Ragst,twd. s23d

The two-time correlation and response functions are obtained
from Eq.sA10d and the construction of the response given in
the Appendix. For mathematical simplicity we take the limit
T→0 but stress that the results are also valid for nonzero
temperaturesT.0 while the system is still far from equilib-
rium; as discussed in Sec. III E, this requirestw, t!teq

2/3. The
response functions are always derived by taking the perturb-
ing field h to zerobeforetakingT→0. This has to be done to
ensure linearity of the response: as discussed in more detail
below, the size of the linear regime in the field strengthh
scales asT for low T. We find

Cstst,twd =
1

2
e−2tfI0

2 − I1
2gst − twd

I1s2twd
2tw

, s24d

Rstst,twd =
1

4
e−2tfsI0

2 − I1
2d − I1sI0 − I2dgst − twd

3
fI1 + 2I2gs2twd

2tw
, s25d

Cagst,twd = −
1

4
e−2st+twd I1

2st + twd
st + twd2 +

1

2
e−2st+twdfI0 − I1gst − twd

3H I1st + twd
t + tw

fI0 + I1gs2twd − fI0 + I1gst + twd

3
I1s2twd

2tw
J , s26d

Ragst,twd =
1

8
e−2st+twdfI0 − 2I1 + I2gst − twd

3H fI1 + 2I2gst + twd
t + tw

fI0 + I1gs2twd

− fI0 + I1gst + twd
fI1 + 2I2gs2twd

2tw
J

+
1

4
e−2st+twdfI1 − I2gst − twdH I1s2twd

2tw

I1st + twd
t + tw

−
fI1 − I2gst + twd

t + tw
fI0 + I1gs2twdJ . s27d

As we will see in Sec. III A below, only the short-time func-
tions s24d and s25d contain terms that contribute to leading
order in the short-time regime.

The results given above are exact. Before proceeding, we
nevertheless compare them with simulation data to exclude
the possibility of trivial algebraic errors in the derivation and
confirm some of the more surprising features that are dis-
cussed below. For measuring two-time susceptibilities
xA,Bst ,twd, with Ai, Bi generic local observables, we use the
standard methodf25g of perturbing the system withdH
=−hoieiBi for tù tw such thatxA,Bst ,twd=sT/hdoifeikAistdlge

in the limit h→0. Here theei [ h−1,1j are independent,
identically distributed random variables andf¯ge denotes an
average over their distribution. Note that as our definition of
the response contains a factor ofT this is also the case for
xA,Bst ,twd. Transition rates in the presence of the perturbation
are, to linear order inh/T,

wn
shdssd = wnssd +

h

T
wnssdf1 − wnssdgo

m

en−m

3 fBn−msFnsd − Bn−mssdg. s28d

Here Fns=s… ,−sn,…d denotes the spin-flip operator and
wnssd are standard Glauber rates without perturbation. In the
procedure of measuringxA,Bst ,twd the perturbing fieldh only

appears in the combinationh̄=h/T. There is therefore a well

defined zero-temperature limit at fixedh̄; the linear suscep-

tibility is then obtained by using a sufficiently smallh̄. We
note finally that local perturbations only produce a few non-
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zero terms in the sum in Eq.s28d. The defect pair observ-
ables Ai =Bi =nini+1 we are considering, for instance, only
depend onsi, si+1, si+2 and thus onlym=0, 1, 2 contribute
to the sum in Eq.s28d.

We show in Sec. III D that with increasingtw it becomes
harder to see aging contributions in the two-time correlation
and response functions. In order to be able to resolve these
aging contributions in a simulation we have chosentw=1 and
Dt=0.1,… ,30. The data presented in Fig. 1 are for zero-
temperature simulations in a system of 106 spins, averaged

over 104 runs. For measuring the susceptibility we useh̄
=0.2, which is well within the linear regime. Our code uses
an event driven algorithmf26g although for the small times
considered here a standard Monte Carlo method would be
just as efficient. As a full discussion ofCst ,twd and Rst ,twd
will be given in the subsequent sections we comment only
briefly on the data in Fig. 1. According to our decomposition
s22d we may think of the connected two-time defect pair
correlation in Fig. 1sad as the sum of short-time and aging
contributions. From Eq.s24d short-time contributions are al-
ways positive while the aging contributionss26d are in fact
negative, see Fig. 1sbd. From Fig. 1sad the correlationCst ,twd
is dominated by short-time contributions up to aboutDt=1.
In the rangeDt=1,… ,13 short-time and aging contributions
compete, leading to a fast drop inCst ,twd. At Dt<13,
Cst ,twd crosses zero, giving the cusp in the plot. ForDt
.13 the two-time correlation is negative, with short-time
and aging contributions almost cancelling each other. The
two-time defect pair susceptibilityxst ,twd shown in Fig. 1scd,
may similarly be regarded as containing short-time and aging
contributions according to Eq.s23d. From Fig. 1sdd aging
contributions inxst ,twd are tiny such that a plot ofxstst ,twd
alone would fit the data shown in Fig. 1scd rather well. The
small deviations ofxst ,twd from xstst ,twd, that is xagst ,twd,
however, are precisely as predicted by Eq.s27d, see Fig. 1sdd.
Altogether, the data presented in Fig. 1 are fully consistent
with, and thus confirm, our exact resultss24d–s27d. We there-
fore now turn to a discussion ofCst ,twd, xst ,twd based di-
rectly on Eqs.s24d–s27d.

A. Short-time regime

Here we analyze the dynamics ofCst ,twd and Rst ,twd in
the short-time regime ofDtù0 fixed andtw→`. For the
correlation we have from an expansion of Eq.s26d that the
aging contribution scales asCagst ,twd=Ostw

−3d in this limit;
already attw=10 a plot ofCag would lie below the vertical
range of Fig. 1sbd. The termCstst ,twd, Eq. s24d, on the other
hand, is simplyCstst ,twd=p1st− twdD1stwd as follows from

D1=D̃1 and Eqs.s11d and s16d. BecauseD1stwd=Ostw
−3/2d,

aging contributions inCst ,twd are subdominant. In the short-
time regime the connected two-time defect pair correlation is
thus to leading order given byCstst ,twd alone,

Cst,twd = p1st − twdD1stwd + Ostw
−3d. s29d

This scaling property is the key that separates short-time

FIG. 1. Comparison of our exact predictionss22d–s27d, shown
as full curves, and simulation datascirclesd at T=0 andtw=1. Pre-
dictions for the susceptibilities are obtained by numerical integra-
tion of Eqs.s25d ands27d. The data for aging contributions in panel
sbd and sdd is obtained from the simulation data ofCst ,twd and
xst ,twd shown in sad, scd by subtracting off the exact short-time
contributionss24d fdashed line in panelsadg and the susceptibility
corresponding to Eq.s25d. In panelsbd and scd error bars for the
simulation data are invisible on the scale of the plot. The same is
true forsad andDt,10. ForDt.10, on the other hand, the standard
deviation of the data is around 10−7, which is reflected in the plot.
In panelsdd, finally, error barsf6 standard deviationg are shown for
every fifth data point but are no larger than the symbols.
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contributionsCst from aging termsCag in Eqs.s22d, s24d, and
s26d. FurthermoreCst is of the form Cstst ,twd=Astwdcstst
− twd as proposed in Eq.s4d. Comparison of Eqs.s15d and
s29d shows that the nonequilibrium relaxation function
cstsDtd=p1sDtd coincideswith its low-temperature equilib-
rium counterpart. Only the amplitudeA is given by the dy-
namical density of defect pairsD1stwd instead of its equilib-
rium analogD1,eqsteqd.

The results29d is easily explained by random walk argu-
ments, in full analogy to Sec. II A. Connected and discon-
nected correlations coincide toOsD1

2d=Ostw
−3d. For the dis-

connected correlation to be nonzero we need states
containing a defect pair at sitesi, i +1 at timetw. These occur
with probability D1stwd and to orderOstw

−3d there are no fur-
ther defects in any finite neighbourhood. Hence only if these
defects also occupy the same sites at timet is there a contri-
bution to the disconnected correlation. This occurs with
probability p1sDtd=GDts0,1;0,1d and Eq.s29d follows.

Now we turn to the behavior of the defect pair response in
the short-time regime. Expanding Eq.s27d shows thatRag
=Ostw

−3d. But Rst=Ostw
−3/2d from Eq. s25d so R is dominated

by Rst in the short-time regime, i.e.,Rst ,twd=Rstst ,twd
+Ostw

−3d just as was the case for the correlations. We rear-
range this result into the form

Rst,twd =
3

4
F ]

]tw
p1st − twd − 2e−2st−twd I1

2st − twd
t − tw

G
3D1stwd + Ostw

−5/2d, s30d

where the expression in the square bracket coincides with the
Dt-dependent factor in Eq.s25d. The tw-dependent amplitude

factor in Eq. s25d was expressed in terms ofD1=D̃1, Eq.
s11d, using e−xI2sxd=e−xI1sxd+Osx−3/2d. Writing Rstst ,twd
=Astwdrstst− twd as the equivalent of Eq.s4d then shows that
the nonequilibrium functionrstsDtd is differentfrom its equi-
librium counter part s−] /]DtdcstsDtd=s−] /]Dtdp1sDtd. In
fact, from s] /]twdCst ,twd,fs] /]twdp1st− twdgD1stwd and Eq.
s30d we obtain for the FDR in the short-time regime, abbre-
viating XsDtd=limtw→` Xst ,twd,

XsDtd =
3

4
F1 −

2

s− ]/]Dtdp1sDtd
e−2Dt I1

2sDtd
Dt

G . s31d

Thus the FDR is neither equal to one nor even constant in the
short-time regime. In particular, forDt→0 one finds

Xs0d = lim
tw→`

Xstw,twd =
3

4
. s32d

B. The response function

Let us now try to understand the origin for the anomalous
short-time responses30d. For correlations we saw that the
asymptotic equality betweenC and Cst, Eq. s29d, could be
easily explained by random walk arguments. This is, in fact,
also possible for response functions in the short regime. We
use that any response functionRA,B as defined below Eq.s1d
can be written—via, e.g., the approach of Ref.f21g—in the
form

RA,Bst,twd = o
k

o
s,s8

Ass8dfpDtss8uFksd − pDtss8usdg

3 DkBssdwkssdf1 − wkssdgptw
ssd. s33d

This equation applies for general systems governed by heat-
bath dynamics with Glauber rateswk and for generic observ-
ablesA, B. The ptw

ssd denote state probabilities at timetw
while pDtss8 usd are conditional probabilities to go from
state s to s8 during the time intervalDt. In Eq. s33d,
DkBssd=BsFksd−Bssd is just a short hand expressing the
change ofB under a spin flip.

In the concrete case of defect pair observablesA=B
=nini+1 we haveDkBssd=0 except fork= i,i +1,i +2. Denote
the corresponding contributions to the response byr1,r2,r3,
respectively. Next work outak=DkBssdwkssdf1−wkssdg; it
is convenient to use that Glauber rates atT=0 for the Ising
chain may be written aswk= 1

2snk−1+nkd. It turns out that
ai+1=0 and hencer2=0. Also,r1 andr3 are related by reflec-
tion symmetry so we only discussr1. From ai and Eq.s33d,

r1 =
1

4 o
s,s8

nini+1fpDtss8uFisd − pDtss8usdg

3fni−1s1 − nidni+1 − s1 − ni−1dnini+1gptw
ssd.

In the first line of this equationnk is to be read asnkss8d
while in the second onenk=nkssd. Now consider the term
ni−1s1−nidni+1. It only contributes tor1 for statess contain-
ing defects at sitesi −1 and i +1 but not at sitei. For zero
temperature coarsening and at largetw, however, we have
that if there are defects on sitesi −1 andi +1 then toOstw

−3d
there will be no further defects in any finite neighbourhood
anyway. We also know that the density of states containing
defects at sitesi −1, i +1 is kni−1ni+1l=D2stwd+Ostw

−3d. Next,
given any such states, os, niss8dni+1ss8dpDtss8 usd is the
probability that these defects occupy sitesi, i +1 a time
Dt later, that isGDtsi , i +1;i −1,i +1d from Eq. s19d. The
stateFis, on the other hand, has its defects on sitesi, i +1.
fTo see this, note thatFi is a spin flip operator
si →−si, so ni−1sFisd=1−ni−1ssd and nisFisd
=1−nissd using nk= 1

2s1−sksk+1d.g Consequently
os8niss8dni+1ss8dpDtss8 uFisd=GDtsi , i +1;i , i +1d. Repeat-
ing this argument for the terms1−ni−1dnini+1 in r1, where
knini+1l=D1stwd+Ostw

−3d, and working outr3 in the same
fashion then produces

Rst,twd =
1

2
fGDts0,1;0,1d − GDts0,1;0,2dg

3fD1stwd + D2stwdg + Ostw
−3d. s34d

In this result invariance ofG under index translation and
GDts0,1;−1,1d=GDts0,1;0,2d was used. From D1stwd
=D̃1stwd, D2stwd=D̃2stwd+Ostw

−3d and Eqs.s11d and s19d one
shows that Eq.s34d precisely reproduces the short-time re-
sponseRst, Eq. s25d. The subdominantOstw

−3d corrections in
Eq. s34d are aging contributions arising from multidefect
processes.
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The structure of Eq.s34d clearly reflects the mechanisms
causing a short-time response. During the time interval
ftw,tw+dtg where the perturbationdH=−hnini+1 is applied
there is an increased likelihood for a defect pair located at
sites i, i +1 to stay there. The effect onknistdni+1stdl is ac-
counted for byGDts0,1;0,1dD1stwd in Eq. s34d. Conversely,
the chances for the defect on sitei +1 to move toi +2 during
the interval ftw,tw+dtg are decreased. The corre-
sponding change in knistdni+1stdl is proportional to
−GDts0,1;0,2dD1stwd. By the same reasoning and starting
from configurations containing defects on sitesi, i +2 or
i −1, i +1 one explains the remaining terms in Eq.s34d. Over-
all, defects are on average closer to each other and more
likely to occupy sitesi, i +1 at timetw+dt due to the pertur-
bation. However, this increases the chances for subsequent
annihilation of the defect pair so that we should expect
knistdni+1stdl to become lower than without the perturbation
eventually. Indeed, from Eq.s34d and D2stwd,2D1stwd the
instantaneous responseRstw,twd, 3

2D1stwd is positive. But as
we increaseDt the response drops quickly and becomes zero
at Dt=t* <2.132; heret* is the solution ofGt*s0,1;0,1d
=Gt*s0,1;0,2d. For Dt.t* the response is negative and ul-
timately vanishes asOsDt−2d in the short-time regime.

Our discussion so far explains the shape and origin of the
short-time nonequilibrium response. But we still do not have
an answer as to whyRst differs from its equilibrium counter-
part and thus violates quasiequilibrium. To the contrary, from
the above reasoning it actually seems puzzling that we found
ReqsDt ,teqd.0 in equilibrium; see end of Sec. II B. The an-
swer to this problem is non-trivial: although the rate for de-
fect pair creation is negligible at low temperatures, perturba-
tions of this process contribute in leading order to the
equilibrium response. For coarsening dynamics, on the other
hand, such processes are absentfat T=0g or negligible fat
T.0, see Sec. III Eg. Unfortunately, when usingT.0 rates
wn in Eq. s33d the simple random walk analysis from above
cannot be repeated. We therefore limit our discussion to the
instantaneous response. FrompDtss8 usd=ds8,s at Dt=0 and
settingA=B in Eq. s33d,

RA,Astw,twd = o
k,s

fDkAssdg2wkssdf1 − wkssdgptw
ssd.

Writing wk= 1
2s1−gd+ 1

2gsnk−1+nkd and substituting A
=nini+1 it is straightforward to show that the instantaneous
defect pair response atT.0 is

Rstw,twd =
1

2teq

1 + g

2
+

1

2
fD1stwd + g2D̃2stwdg. s35d

The first term in this result accounts for perturbations of the
pair creation rate. Defect pair creation at sitesi,i +1 corre-
sponds to flipping spinsi+1 within a domain, wheresi
=si+1=si+2. From the Ising Hamiltonian the associated cost
in energy isDi+1Hssd=4J. In the presence of the perturba-
tion dH=−hnini+1, however, this is lowered to 4J−h. There-
fore, atT.0, the perturbation increases the ratewi+1 of such
spin flips and thus the density of defect pairs; recall that in
the limit of low temperatures we first takeh→0 and then

T→0 so that the calculated response is always linear. From
Eq. s35d and at low temperatures, whereg,1, this produces
a contribution of 1/s2teqd in the instantaneous response.
Now compare this to the other terms in Eq.s35d, using that

D̃2,D2 at low T whether in or out of equilibrium. For low
temperature equilibrium we haveD2,eq,D1,eq. Because
D1,eq,1/s2teqd we may writeReq,2D1,eq, with all terms in
Eq. s35d being of the same order. Out of equilibrium, on the
other hand,D2,2D1. The first term in Eq.s35d is absent at
T=0 or negligible compared to the others atT.0 for suffi-
ciently small tw ssee Sec. III Ed. Overall, we thus have the
instantaneous responseR, 3

2D1 for coarsening butReq
,2D1,eq in equilibrium. It is this difference in the prefactors
that leads toXstw,twd= 3

4.

C. FD limit plot

From Eqs.s29d ands30d we have that the two-time func-
tions Cst ,twd, Rst ,twd drop to an arbitrarily small fraction of
their equal time values within the short-time regime, i.e. be-
fore they display aging. Therefore the exact FD-limit plot
follows from the short-time expansions. Since the amplitudes
of equal time quantities are time dependent we normalize

x̃st ,twd=xst ,twd /Cst ,td and C̃st ,twd=Cst ,twd /Cst ,td and plot

x̃ against 1−C̃, see Refs.f16,27g. From Eqs.s29d and s30d
one obtains

C̃ = p1sDtd, s36d

x̃ =
3

4Ff1 − p1sDtdg − 2E
0

Dt

dte−2t
I1
2std
t G . s37d

These equations apply in the limittw→` for arbitrary fixed
Dtù0. The resulting FD plot is shown in Fig. 2. Note that
when constructing FD plots one generally has to keept fixed
and usetw as the curve parameterf16g. This convention en-
sures that the slope of the FD plot isXst ,twd. In the short-
time regime we are exploring, however, the normalized func-
tions only depend ont− tw and eithert or tw may be used as
the plot parameter. This is exact fortw→` and correct to
leading order intw at finite tw.

In Fig. 2 the slope of the plot at the origin, wheretw= t, is
given by Xs0d= 3

4. As Dt increases and reachest* the re-
sponse goes to zero. Consequently the susceptibility reaches
a maximum atDt=t* and the tangent to the FD plot in Fig. 2
becomes horizontal, withXst*d=0. As we increaseDt further
the FDR s31d turns negative and diverges linearly withDt,
XsDtd→−`. Hence the FD plot becomes vertical as it ap-
proaches its end points1,Y1d. Taking Dt→` in Eq. s37d,
where the integral is solvablef22g, gives Y1= 3

2 −3/p
<0.545. Fluctuation dissipation relations for the aging case,
where Dt and tw are comparable, are compressed into this
point. So the plot in Fig. 2 only reflects the fluctuation dis-
sipation behavior in the short-time regime. In order to dem-
onstrate that the predicted violation of quasiequilibrium can
easily be observed in simulations we have included such data
in Fig. 2.
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D. Beyond short time differences

Our discussion of the non-equilibrium coarsening dynam-
ics so far was focused on the short-time regime whereDt
ù0 finite andtw→`; only the short-time termsCst, Rst in our
expressionss22d and s23d for the connected two-time defect
pair correlation and response functions contributed to leading
order in tw. Let us now briefly summarize some interesting
features ofCst ,twd andRst ,twd beyond the short-time regime.
HereDt,tw→` simultaneously, and therefore the aging con-
tributions Cag, Rag, Eqs. s26d and s27d, must be taken into
account.

For correlations we expect to see an effect from the com-
petition between the pair return probabilityp1sDtd and the
chance of finding an independent pair at sitesi, i +1 at the
later timet, by analogy with the situation in equilibrium; see
Sec. II B. In nonequilibrium and for smallDt the discon-
nected and connected correlations coincide to leading order
in tw. So from Eq. s29d the disconnected correlation is
CDCst ,twd<D1stwdp1st− twd. Assuming that this equation ap-
plies up to sufficiently largeDt—though still much smaller
than tw—we may now estimate the timescale at which com-
petition sets in. This is done by comparingCDCst ,twd to
D1stwdD1std, which is the product of the independent prob-
abilities of having a defect pair at sitesi, i +1 at timetw and
at time t. Because we are assumingDt! tw, D1stwdD1std
<D1

2stwd. The scalings p1sDtd=OsDt−2d and D1stwd
=Ostw

−3/2d then show thatCDCst ,twd becomes comparable to
D1stwdD1std on the nontrivial time scaleDt=Ostw

3/4d. In fact,
from the plots in Fig. 3 the connected correlation becomes
negativeon that time scale. This means that forDt@ tw

3/4, the
chances of finding a defect pair at sitesi, i +1 at timet and at
time tw arelower than those of independently finding pairs at

both times: the presence of a defect pair at timet is nega-
tively correlated with that attw.

We may picture this effect as follows. If we know that
there is a defect pair at sitesi, i +1 at timetw, the neighboring
defects are likely to be at a distance of the order of the
typical domain size. Then, as time evolves, the original pair
becomes more and more likely to have disappeared via an-
nihilation while neighboring defects have not yet had enough
time to reach sitesi, i +1. For the equilibrium domain size
distribution these effects reach a balance on the time scale
Dt=OsÎteqd. In the coarsening case, however, the relative
concentration of small domains—as compared to typical
domains—is much lower than in equilibrium, so that annihi-
lation of the original pair is comparatively the stronger ef-
fect. Thus, on the time scaleDt=Ostw

3/4d, we have a “hole” in
the spatial distribution of defect pairs around sitesi, i +1.
This hole persists up to the time scaleDt=Ostwd, where
neighboring defects have had time to diffuse in eventually.
The connected correlation function, see Fig. 3, therefore has
three dynamical regimes at largetw: Up to timesDt! tw

3/4 the
expansion for the short-time regimes29d applies and
Cst ,twd,Cstst ,twd. In the time windowtw

3/4!Dt! tw the con-
nected correlation is negative andt independent, with contri-
butions from Cst negligible so thatCst ,twd,−D1

2stwd,
−s1/64dp−1tw

−3. Finally, at largeDt@ tw the connected corre-
lation remains negative but vanishes asCst ,twd,
−s1/8dp−1Dt−3, as follows from expansions of Eqs.s24d and
s26d.

FIG. 2. FD plots for the defect pair observableA1=nini+1. The
full curve shows the limit plot defined by Eqs.s36d and s37d. The
dashed line has slopeX= 3/4 and is tangent to the limit plot at the
origin. The black dot on the right marks the end points1,Y1d of the
limit plot. Simulation data are represented by circles. They are ob-
tained from simulations atT=0 in a system of 106 spins. The prob-

ing field for the susceptibility ish̄=0.5 and the data are averaged
over 500 runs. In the plot,tw=10 is fixed andt=10,… ,15 is the
running parameter. Inset: A plot of the FDR in the short-time regime
XsDtd, Eq. s31d, versusDt.

FIG. 3. Top: Plots of the exact connected two-time defect pair
correlation functionCst ,twd for zero temperature coarsening dy-
namics, obtained from Eqs.s22d, s24d, ands26d. The curves corre-
spond totw=101,102,… ,107 from top to bottom, respectively. The
cusp in each curve separates the regionCst ,twd.0 sat small Dtd
from Cst ,twd,0 sat largeDtd. Bottom: Plots of the exact two-time
defect pair susceptibilityxst ,twd obtained by numerical integration
from Eqs.s23d, s25d, and s27d. The curves correspond totw=101,
102, 103, 104 from top to bottom, respectively.
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Comparison of the correlation functions in Figs. 1 and 3
shows that the simulation data attw=1 has only given us a
glimpse on the full aging behavior ofCst ,twd. From the
scales of the plot in Fig. 3, on the other hand, it is clear that
such data are out of reach for simulations. Consider, e.g., the
curve for tw=103: the connected correlationCst ,twd drops
from its equal-time valueCstw,twd,D1stwd of about 10−6 to
around 10−12, that is by six orders of magnitude, before it
deviates from its short-time behaviorCst and displays aging.
This illustrates the general problem associated with explor-
ing the aging behavior of correlation functions with a scaling
of the form s4d. We have discussed this issue in the context
of single defect observables in the 1D and 2D Ising models

in f9g. There, long-time FD-plots are trivial withx̃=1−C̃.
However, this only reflects that quasiequilibrium is satisfied
and does not reveal any information about the aging regime.
A similar situation is encountered in the 1d FA model which,
despite a trivial FD plotf10,11g, hasXÞ1 in the aging re-
gime f28g. As regards the issue of measuring the asymptotic
FDR X`=limtw→` limt→` Xst ,twd, a solution for this problem
was suggested in Ref.f9g. It consists in using different ob-
servables which share the sameX` but are more easily ac-
cessed in simulations.

The aging behavior of the two-time defect pair response
function Rst ,twd is rather simple. Analysis of Eqs.s25d and
s27d, shows that the short-time expansionRst ,twd,Rstst ,twd,
Eq. s30d, applies untilDt becomes compareable totw. More
precisely, for 1!Dt! tw, we have Rst ,twd,
−s3/32dp−3/2Dt−2tw

−3/2. Note that as discussed in Sec. III B
the response is negative. In the opposite limit 1! tw!Dt this
crosses over toRst ,twd,−s9/32dp−3/2Dt−3tw

−1/2, accelerating
the decrease ofRst ,twd by a factor of tw/Dt. Intuitively
speaking, the two defects that were located near sitesi,i +1 at
time tw and caused the response are likely to have annihilated
with other defects in the system whenDt@ tw. This decreases
the chances for such a defect pair to return to sitesi,i +1, and
therefore the response.

The scaling ofRst ,twd has an interesting consequence for
the susceptibilityxst ,twd=etw

t dtRst ,td, also referred to as
zero-field-cooledsZFCd susceptibility. At larget this integral
is dominated by the short-time responseRst, i.e., xst ,twd
,xstst ,twd. In the integral, ast departs fromt the modulus of
the integrandRst ,td drops asst−td−2 for t−t@1 and there-
fore the integral converges quickly. Aging effects in the scal-
ing of Rst ,td when t−t@t, i.e., t! t /2, only give small
corrections to the value of the integral. Therefore aging con-
tributions in the ZFC susceptibilityxst ,twd aresubdominant.
At large t and for anytwø t this impliesxst ,twd,D1stdx̃st
− twd with x̃ as given by Eq.s37d: Consequently we have
xst ,twd,Y1D1std in the aging regime, see Fig. 3, and contri-
butions from aging effects in the response have vanished in
xst ,twd. We can see the extent of this effect by looking back
to Fig. 1: already at the very moderate value oftw=1, aging
contributions inxst ,twd are marginal. While all of this is
immaterial for exact calculations, where we start from the
response in the first place, it is crucial for interpreting simu-
lation results. In problems where the response function has a
scaling analogous to Eq.s4d, see Refs.f9–11g, measurement

of the ZFC susceptibility givesxst ,twd,xstst ,twdand no in-
formation about the aging behavior ofRst ,twd can be ex-
tracted. In a measurement of the so-called thermoremanent
sTRMd susceptibilityrst ,twd=e0

twdtRst ,td, on the other hand,
this bias is not present sincet−tù t− tw. So if Dt. tw, for
example, the integral only contains contributions fromRst ,td
with t−t.t and aging inR is revealed. The situation is
precisely reversed as compared to the case of spin observ-
ables in critical coarseningf29g, where the aging behavior of
R can be extracted fromx but not fromr.

The nonequilibrium FDRXst ,twd as obtained from Eqs.
s22d–s27d has rather strange features whenDt and tw are
simultaneously large. But since the observableA1 does not
produce quasiequilibrium FDT in the short-time regime we
do not expectXst ,twd to have a sensible meaning in the con-
text of effective temperatures. We comment only that the
short-time expansions31d applies as long asDt! tw

3/4, while
the asymptotic FDR diverges,X`=`.

E. Equilibration

Let us finally consider in more detail the crossover to
equilibrium for a finite temperature quenchT.0. We focus
again on the short-time regime and, for simplicity, discuss
only the equal time FDRXstw,twd. An expression for
us] /]twdCst ,twdut=tw

is obtained from Eq.sA10d. The instanta-
neous responseRstw,twd follows most conveniently from Eq.

s35d by working out D̃1stwd and D̃2stwd for a quench toT
.0 f21g. The tw dependence of the resultingXstw,twd for
three different temperatures is shown in Fig. 4. As expected
the curves cross over fromXstw,twd= 3

4 at sufficiently small
tw fbut still tw@1g to the equilibrium valueXstw,twd=1 at
large tw. The time scale for equilibration ofXstw,twd, how-
ever, is set byteq

2/3. In order to understand this result we
consider the densities of small domains: in equilibrium we
have the scalingD1,eqsteqd,1/s2teqd whereas for zero tem-

perature coarseningD1stwd,1/s8Îptw
3/2d. This shows that

the dynamical densityD1stwd is comparable to the equilib-
rium densityD1,eqsteqd for tw=Osteq

2/3d. By working out D1

FIG. 4. Plots of the equal time FDRXstw,twd versus rescaled
time tw/teq

2/3 for three different temperatures. The curves correspond
to teq=103 sdottedd, teq=104 sdashedd, and teq=105 sdashed-
dottedd. The full curve applies in the scaling limittw,teq→` with
tw/teq

2/3 fixed. Inset: Plots ofXstw,twd versustw for teq=103,104,105.
The hump attw=1 is caused by transients following the quench.
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=knini+1l for a quench toT.0, one easily verifies thatD1

indeed becomes stationary at its equilibrium value fortw
@teq

2/3. In this regime one also findsD2,D1 as expected for
low-T equilibrium, rather thanD2,2D1 in the coarsening
regime. From the representations35d of Rstw,twd it then fol-
lows that the process of defect pair creation starts to contrib-
ute to the instantaneous response fortw@teq

2/3, and that the
ratio of the other terms assumes its equilibrium value. It is
then not surprising that also theDt dependence ofRst ,twd
becomes identical to the equilibrium response throughout the
short-time regime, i.e., quasiequilibrium behavior is recov-
ered fortw@teq

2/3.

IV. NONADJACENT DEFECTS

In the previous two sections we presented a comprehen-
sive discussion of the functionsCst ,twd;C1st ,twd and
Rst ,twd;R1st ,twd for the observableA1=nini+1. Now we in-
vestigate to which extent our findings generalize to observ-
ablesAd=nini+d which detect defects a distanced apart. As
explained in the Appendix, an exact derivation of the asso-
ciated functionsCdst ,twd andRdst ,twd as defined in Eqs.s5d
and s6d, respectively, would be extremely cumbersome. In-
stead we exploit the fact that, in the short-time regime we are
interested in, these functions can to leading order intw be
obtained from random walk arguments.

Consider the statess obtained from low temperature
coarsening dynamics at largetw. In complete analogy to the
cased=1 we have that amongst the statess containing de-
fects at sitesi and i +d only a fractionOstw

−3d have further
defects in any finite neighbourhood. Therefore the discussion
of Eq. s15d and s29d directly generalizes to any finited.1.
In terms of the probability for a defect pair initially located at
sitesi,i +d to occupy the same sites a timeDt later,

pdsDtd = GDtsi,i + d; i,i + dd, s38d

the correlatonCdst ,twd in the short-time regime is

Cdst,twd = pdsDtdDdstwd + Ostw
−3d. s39d

Although this argument applies directly to the disconnected
correlations it is also true forCdst ,twd since both agree to
OsDd

2d=Ostw
−3d in the short time regime. For response func-

tions Rdst ,twd we use Eq.s33d and the same reasoning as in
Sec. III B to to obtain ford.1

Rd = +
1

2
fGDts0,d;0,dd − GDts0,d;0,d − 1dgDd−1

+
1

2
fGDts0,d;0,dd − GDts0,d;0,d − 1dgDd

+
1

2
fGDts0,d;0,dd − GDts0,d;0,d + 1dgDd

+
1

2
fGDts0,d;0,dd − GDts0,d;0,d + 1dgDd+1 + Ostw

−3d.

s40d

fIn order to save space we have omitted here the time argu-

mentsRd=Rdst ,twd and Dd=Ddstwd, etc.g An expression for
the G’s in Eqs.s39d and s40d is stated in Eq.s19d, giving in
particular pdsDtd=e−2DtfI0

2− Id
2gsDtd, while we can estimate

Ddstwd=D̃dstwd+Ostw
−3d using Eq.s11d.

Before we proceed with a discussion of Eqs.s39d ands40d
for nonequilibrium coarsening dynamics, let us briefly con-
sider an equilibrium situation. The above assumption regard-
ing the nature of the statess that contribute toCd and Rd
then still applies if the temperature is low. Therefore, to lead-
ing order in teq, the equivalent of Eq.s15d for d.1 is
Cd,eqsDt ,teqd,pdsDtdDd,eqsteqd from Eq. s39d. In Eq. s40d,
on the other hand, we useDd±1,eqsteqd,Dd,eqsteqd as the den-
sity of small domains is flat in lowT equilibrium. Combining
terms then shows that Rd,eqsDt ,teqd,fs−] /
]DtdpdsDtdgDd,eqsteqd. Thus equilibrium FDT is recovered
from Eqs. s39d and s40d at low temperatures. This is non-
trivial because we use zero temperature Glauber rateswn in
the derivation of Eq.s40d, see Sec. III B. In contrast to the
d=1 case of adjacent defects, pair creation processes donot
contribute in leading order to the responsesRd with d.1.
This makes sense: the perturbationdH=−hnini+d acts on
sites a distanced apart but pair creation is only possible on
adjacent sites. So the pair creation rate for sitesi +d,i +d+1
fsayg is affected only if we already have a defect present at
site i. The latter condition makes such contributions inRd
subdominant fordù2.

Having clarified this qualitative difference between the
responsesR1 andRd with dù2 we return to nonequilibrium
coarsening dynamics. Here the density of small domains
Ddstwd is to leading order proportional to the domain sized;
more precisely we estimateDd±1stwd using Eq. s11d and
e−xId±1sxd=e−xIdsxd+Osx−3/2d. This allows us to rearrange
Eq. s40d into

Rdst,twd = F ]

]tw
pdst − twd − e−2st−twd Id

2st − twd
t − tw

G
3Ddstwd + Ostw

−5/2d. s41d

Clearly the nonuniform density of small domains produces a
nonequilibrium term inRd. It therefore differs from its short-
time equilibrium form. From Eqs.s39d and s41d we obtain
for the associated FDR in the short-time regime, again ab-
breviatingXdsDtd=limtw→` Xdst ,twd,

XdsDtd = 1 −
1

s− ]/]DtdpdsDtd
e−2Dt Id

2sDtd
Dt

. s42d

Equationss39d, s41d, and s42d have a surprising structural
similarity with their d=1 counterpartss29d, s30d, and s31d.
But, in contrast to the case of adjacent defect pairs,Xds0d
=1 for dù2 rather thanX1s0d= 3

4, Eq. s32d. From the discus-
sion above we see that effects from perturbing the defect pair
creation rate, which are subdominant whendù2 but contrib-
ute to leading order ford=1, are at the origin of this differ-
ence. However, it should be stressed that forDt.0 all FDRs
XdsDtd deviate from unity on anOs1d time scale. Therefore
there is no quasiequilibrium regime for any defect pair ob-
servableAd. Instead we have from Eq.s42d that XdsDtd=1
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−OsDt2d−1d for Dt!d2 while XdsDtd=−Dt / s2d2d+Os1d for
Dt@d2, see Fig. 5.

We visualize the violation of quasiequilibrium behavior in
terms of FD plots. The scalingss39d ands40d show that with
increasingtw plots become progressively dominated by the
short time behavior ofCd andRd. A parameterization of the
limit plots is obtained by takingtw→` at fixedDt. Normal-
izing correlations and susceptibilities as in Sec. III C gives

C̃d = pdsDtd, s43d

x̃d = f1 − pdsDtdg −E
0

Dt

dte−2t
Id
2std
t

. s44d

The limit plots fordù2,3,4 are presented in Fig. 5. Each plot
has slopeXds0d=1 at the originsnot shownd and follows the
equilibrium line rather closely untilDt<0.25d2. Somewhere
in the range 2d2,Dt,2.5d2 the plots reach a maximum
whereXd=0, and acquire a vertical tangent as they approach
their end pointss1,Ydd, with XdsDtd→−` diverging linearly
with Dt. From Eq.s44d the Yd are f22g

Yd = 1 −
2

pd
s− 1ddFp

4
+ o

k=1

d
s− 1dk

2k − 1G , s45d

giving Y2<0.962, Y3<0.983, Y4<0.990, etc., andYd=1
−Osd−2d for larged. We remark that because the limit plots
for dù2 lie very close to the equilibrium line—Fig. 5 shows
only the top-right corner of the plot—very accurate data
would be needed to reproduce them in simulations. Further-
morex̃dst ,twd only converges slowly to itstw→` limit s44d.
This is easily verified by numerical evaluation ofx̃dst ,twd
=f1/Cst ,tdgetw

t dtRdst ,td based on Eqs.s39d and s40d. These
two facts in combination make it virtually impossible to see
the limit plots, Fig. 5, in simulations. Equationss39d and

s40d, however, perfectly reproduce simulation data for
Cdst ,twd and xdst ,twd=etw

t dtRdst ,td already at small times,
e.g.,tw=10 andt=10,… ,15 as used in Sec. III C.

Our simple random walk analysis does not allow us to
make predictions on the aging behavior ofCd andRd. If both
Dt and tw are large, complicated multidefect processes must
be taken into account; only a calculation as sketched in the
Appendix for the cased=1 would allow one to study this
regime. As regards the susceptibilityxd, however, we can
predict that xdst ,twd,YdDdstd in the aging regime even
though we do not know the precise aging behavior ofRd.
This is simply becausexd is dominated by the short-time
response as discussed in Sec. III D.

Finally, for quenches to small but nonzero temperature
quasiequilibrium behavior will be recovered whentw@teq

2/3,
just as for adjacent defects. This follows from the depen-
dence of the short-time responses40d on the density of small
domainsDd andDd±1 and the fact that these densities level
off towards their equilibrium values on that time scale.

V. CONCLUSIONS

In this paper we have analyzed the FDT behavior for
defect-pair observablesAd=nini+d in the Glauber-Ising chain.
Contrary to the commonly held notion that short-time relax-
ation generally proceeds as if in equilibrium, none of these
observables produceX=1 in the short-time regimeDt! tw;
this applies as long astw is below the crossover time scale
teq

2/3. We showed explicitly that this unusual behavior arises
from the response functions, while the short-time decay of
correlations does indeed have an equilibrium form apart
from the expected overall amplitude factor. The deviations of
the responses from quasiequilibrium behavior could be
traced to two factors. First, in the out-of-equilibrium re-
sponse for adjacent defects, events where pairs of domain
walls are created are negligible, while in equilibrium they
contribute at leading order. Second, all responses are sensi-
tive to details of the domain-size distribution in the system,
via their dependence on the density of small domains, and
these details differ between the equilibrium and out-of-
equilibrium situations.

The inherent-structure picture mentioned in the introduc-
tion suggests a generic interpretation of our results: starting
from an out-of-equilibrium configuration with a given num-
ber of defects or domain walls, we can loosely say that we
remain within the same “basin” as long as no domain walls
annihilate; the energy then remains constant. A similar inter-
pretation has been advocated, in the context of the
Fredrickson-Andersen model, in Ref.f30g. Transitions to a
basin with lower energy then correspond to the annihilation
of two domain walls; at long coarsening timestw, such tran-
sitions between basins are separated by long stretches of “in-
trabasin” motion. Within this picture, our defect-pair observ-
ablesAd measure precisely when a transition to a new basin
is about to happen, i.e., they focus on the out-of-equilibrium,
interbasin dynamics. From this point of view it is not surpris-
ing that theAd do not exhibit quasiequilibrium behavior even
at short times. Spin and single-defect observables, on the
other hand, are not unusually sensitive to transitions between

FIG. 5. FD limit plots for defect pair observablesAd=nini+d

with d=2,3,4 from bottom to top, respectively, obtained from Eqs.
s43d and s44d. The dashed line has slopeX=1 and represents equi-
librium FDT. Black dots mark the end pointss1,Ydd of the limit
plots. Inset: Plots of the FDRs in the short-time regimeXdsDtd, Eq.
s42d, with d=2,3,4 from top to bottom, respectively, versusDt /d2.
The curves ford=3,4 are almost indistinguishable, showing thatXd

quickly approaches a scaling form.
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basins, so that their short-time relaxation is governed by the
quasiequilibrium, intrabasin motionf9–11g. This highlights
the crucial dependence of nonequilibrium fluctuation-
dissipation relations on the probing observables.

The above interpretation suggests that lack of quasiequi-
librium behavior in the short-time regime could occur quite
generically in glassy systems. Certainly in glass models with
kinetically constrained dynamicsf31g, one would expect ob-
servables that detect the proximity of two or more facilitating
defects to display similar behavior to the one studied in this
paper. More generally, the same should apply to observables
which are sensitive to transitions between basins or meta-
stable states. In structural glasses, conventional observables
such as density fluctuations are clearly not of this type. How-
ever, observables which measure, e.g., how close a local par-
ticle configuration is to rearranging into a different local
structure could be expected to display violations of quasi-
equilibrium behavior. If the density of such configurations
decreases with increasingtw then the bound of Ref.f5g is
essentially void as discussed below Eq.s2d. It would be in-
teresting to construct such observables explicitly—
thresholding of an appropriately defined free volume would
seem an obvious candidate—and to test our hypothesis in
simulations.

Finally, the requirement that the short-time relaxation
should display quasiequilibrium behavior could be used to
narrow down the class of “neutral observables” which are
suitable for measuring a well-defined effective temperature
in the limit of large time differences. We note in this context
that the condition limtw→`s] /]twdCst ,twdÞ0 at fixed Dt is
not necessary to obtain quasiequilibrium FDT. For the
single-defect observables considered in Refs.f9–11g, for in-
stance, this limit vanishes yet quasiequilibrium behavior is
observed nevertheless.
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APPENDIX

We summarize below the ingredients that are needed to
obtain our expressions forC;C1 and R;R1 based on the
general results derived in Ref.f21g. The correlationCst ,twd
is first reduced to multispin correlations by substitutingni

= 1
2s1−sisi+1d in Eq. s5d. This gives

16Cst,twd = + Cs0,1d,s0,1d + Cs0,1d,s1,2d − Cs0,1d,s0,2d + Cs1,2d,s0,1d

+ Cs1,2d,s1,2d − Cs1,2d,s0,2d − Cs0,2d,s0,1d − Cs0,2d,s1,2d

+ Cs0,2d,s0,2d,

where

Ci,j = ksi1
stdsi2

stds j1
stwds j2

stwdl − ksi1
stdsi2

stdl

3ks j1
stwds j2

stwdl. sA1d

We have omitted the time arguments inCi,j in order to save

space. When using the symmetries ofCi,j under translations,
reflections, and permutationssamong the components ofi
andj but not betweeni andjd the above equation forCst ,twd
assumes the simpler form

Cst,twd =
1

8
fCs0,1d,s0,1d + Cs1,2d,s0,1d − Cs0,1d,s0,2d − Cs0,2d,s0,1dg

+
1

16
Cs0,2d,s0,2d. sA2d

Note that whileCst ,twd can be expressed in terms of four-
spin correlationssA1d only, this is not possible fordù2; in
the latter case the expressions forCdst ,twd contain eight-spin
two-time correlations and exact calculations become exceed-
ingly cumbersome. In full analogy toCst ,twd the responseR
may be decomposed into

Rst,twd =
1

8
fRs0,1d,s0,1d + Rs1,2d,s0,1d − Rs0,1d,s0,2d − Rs0,2d,s0,1dg

+
1

16
Rs0,2d,s0,2d, sA3d

with

Ri,j = TU dksi1
stdsi2

stdl

dhjstwd
U

hj=0
. sA4d

For the multispin response functionsA4d the fieldhj is ther-
modynamically conjugate tos j1

s j2
. Let us remark that while

the pairC, R violates quasiequilibrium this is not the case
f35g for the constituting pairsCi,j, Ri,j. Next, the four-spin
correlations in Eq.sA2d are expressed in terms of the result
given in Ref.f21g, viz.,

Ci,j = + fF i1,i2
j − Hi2−i1

s2Dt,2twdgHj2−j1
s2twd

− f+ e−DtI i1−j1
sgDtd + E i1,j1

j g

3f− e−DtI i2−j2
sgDtd + E i2,j2

j g

+ f− e−DtI i1−j2
sgDtd + E i1,j2

j g

3f+ e−DtI i2−j1
sgDtd + E i2,j1

j g. sA5d

Here and below the indicesi =si1, i2d and j =s j1, j2d must sat-
isfy i1, i2 and j1, j2. The multispin response functionsA4d
for the casej2= j1+1 is also stated explicitly in Ref.f21g and
readsfj1,s=s j1−1,j1d and j2,s=s j2, j2+1dg

Ri,j = + e−DtI i1−j1F− S1 −
g2

2
Ds− e−DtI i2−j2

+ E i2,j2
j d +

g2

2

3s+ e−DtI i2−j1+1 + E i2,j1−1
j1,s

dG + e−DtI i2−j1F+ S1 −
g2

2
D

3s− e−DtI i1−j2
+ E i1,j2

j d −
g2

2
s+ e−DtI i1−j1+1 + E i1,j1−1

j1,s
dG

− e−DtI i1−j2F+ S1 −
g2

2
Ds+ e−DtI i2−j1

+ E i2,j1
j d −

g2

2
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3s− e−DtI i2−j2−1 + E i2,j2+1
j2,s

dG − e−DtI i2−j2F− S1 −
g2

2
D

3s+ e−DtI i1−j1
+ E i1,j1

j d +
g2

2
s− e−DtI i1−j2−1 + E i1,j2+1

j2,s
dG .

sA6d

We have omitted the argumentssgDtd of the functionsI in
order to save space. The multispin response functions for the
casej2. j1+1 are not given explicitly in Ref.f21g. However,
by following the general procedure developed there one veri-
fies the result fj1,s=s j1−1,j1, j1+1,j2d and j2,s=s j1, j2
−1,j2, j2+1dg

Ri,j = + e−DtI i1−j1H− S1 −
g2

2
Ds− e−DtI i2−j2

+ E i2,j2
j d +

g2

2
fs+ e−DtI i2−j1+1 + E i2,j1−1

j1,s
dHj2−j1−1 − s+ e−DtI i2−j1−1 + E i2,j1+1

j1,s
dHj2−j1+1

+ s− e−DtI i2−j2
+ E i2,j2

j1,s
dH2gJ + e−DtI i2−j1H+ S1 −

g2

2
Ds− e−DtI i1−j2

+ E i1,j2
j d −

g2

2
fs+ e−DtI i1−j1+1 + E i1,j1−1

j1,s
dHj2−j1−1

− s+ e−DtI i1−j1−1 + E i1,j1+1
j1,s

dHj2−j1+1 + s− e−DtI i1−j2
+ E i1,j2

j1,s
dH2gJ − e−DtI i1−j2H+ S1 −

g2

2
Ds+ e−DtI i2−j1

+ E i2,j1
j d

−
g2

2
fs+ e−DtI i2−j1

+ E i2,j1
j2,s

dH2 − s− e−DtI i2−j2+1 + E i2,j2−1
j2,s

dHj2−j1+1 + s− e−DtI i2−j1−1 + E i2,j2+1
j2,s

dHj2−j1−1gJ − e−DtI i2−j2

3H− S1 −
g2

2
Ds+ e−DtI i1−j1

+ E i1,j1
j d +

g2

2
fs+ e−DtI i1−j1

+ E i1,j1
j2,s

dH2 − s− e−DtI i1−j2+1 + E i1,j2−1
j2,s

dHj2−j1+1 + s− e−DtI i1−j2−1

+ E i1,j2+1
j2,s

dHj2−j1−1gJ . sA7d

Again, all functionsI have argumentsgDtd and additionally
all functionsH appearing in Eq.sA7d have arguments2twd.
After substituting Eqs.sA5d–sA7d for the multispin correla-
tion and response functions in Eqs.sA2d and sA3d, Cst ,twd
andRst ,twd are expressed in terms ofI, H, E, andF. Next we
also representE andF in terms ofI andH by applying the
corresponding formulas derived in Ref.f21g, viz.

E ie,jn
j = Hjn−ie

sDt,2twd − o
m

dj,me−DtI ie−msgDtdHjn−ms2twd,

and

F ie,id
j = Hid−ie

s2Dt,2twd − o
m

dj,me−DtI ie−msgDtdHid−msDt,2twd

+ o
m

dj,me−DtI id−msgDtdHie−msDt,2twd

+ o
m,n

dj,mdj,ne
−2DtI ie−msgDtdI id−nsgDtdHn−ms2twd,

wheredj,m=1−sgns j1−md¯sgns j p−md with p=dimsjd, i.e.,
p=2 or 4 in our case. The sums in these equations are finite
sincedj,m is nonzero only within the index-range covered by
the components ofj. Upon substitution of the latter equations
for all functionsE, F the defect-pair correlation and response
functions are expressed purely in terms ofI, H. The func-
tions H, in turn, are expressed in terms of modified Bessel
functions via

Hnst1,t2d =
g

2
E

t1

t1+t2

dte−tfIn−1 − In+1gsgtd, sA8d

where we use the notationHnstd=Hns0,td. In equilibrium
the quantityHn,eqstd=limt→` Hnst ,td is relevant, cf. Eq.s12d.
Simplification of the expressions forC and R are possible
when using the recursion formula

Hn+1st1,t2d = − Hn−1st1,t2d +
2

g
Hnst1,t2d

+ e−t1−t2fIn−1 − In+1g„gst1 + t2d…

− e−t1fIn−1 − In+1gsgt1d. sA9d

One easily proves Eq.sA9d when substituting Eq.sA8d and
integrating by parts. WithH0st1,t2d=0, which follows trivi-
ally from Eq. sA8d, any functionHnst1,t2d may thus be de-
composed into modified Bessel functions andH1st1,t2d.
Also, the recursionfIn−1− In+1gsxd=s2n/xdInsxd is useful for
rearranging the results. We useMATHEMATICA 5.0 to carry out
the algebraic manipulations described above. The procedure
yields significant cancellations in the expressions forC and
R. For a quench toT.0 we obtain Eq.sA10d, see below, and
a similar expression forR; taking T→0 where the integral
H1 is solublef21g then produces the resultss22d–s27d.
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Cst,twd = −
1

4g2He−st+twd I1„gst + twd…
t + tw

Fe−st+twd I1„gst + twd…
t + tw

− 2ge−st−twdfI0 − I1g„gst − twddf1 − H1s2twdgG + H1st − tw,2twd

3F 2

teq
e−st+twd I1„gst + twd…

t + tw
− 2ge−st−twdfI0 − I1g„gst − twd…S 1

teq
+ e−2tw

I1s2gtwd
2tw

DG +
1

teq
2 H1

2st − tw,2twdJ . sA10d
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f34g The argument for observable independence ofTdyn is based on
observables of the formOnssd=pk=1

n srk
. These have the fea-

tures On
2=1 and Onss8d= ±Onssd if s,s8 only differ by a

single spin-flip. Using these identities the authors of Ref.f12g
show thatTdyn, derived from two-time autocorrelation and re-
sponse functions associated withOn, is independent of the par-
ticular choice ofOn. They then claim that the same is true for
linear combinationsonù1anOn, which is wrong. Neither of the
two features ofOn just mentioned applies to linear combina-
tions such that the proof breaks down. Also, disconnected in-
stead of connected correlations are considered such that the
whole argument only applies for observablesOn with n odd
fwherekOnl=0 at all timesg.

f35g In the short-time regime the leading contributions of the spin
functions, which satisfy quasiequilibriumf9g, cancel in Eqs.
sA2d andsA3d. At fixed Dtù0 we have, e.g.,Ci,j =Ostw

−1/2d but
C=Ostw

−3/2d.
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